


First published in 2013 by the University of Utah in association with the Utah State
Office of Education.

Copyright © 2013, Utah State Office of Education. Some rights reserved.

This work is published under the Creative Commons Attribution License (“CC BY”)
which is available online at http://creativecommons.org/licenses/by/3.0/ and provides
permissions for the reusing, revising, remixing, and redistributing of this work. This work
1s an open educational resource (OER).



Table of Contents

CHAPTER 2: EXPLORING LINEAR RELATIONS (4 WEEKS) ..ot 2
2.0 ANCHOR PROBLEM: PROPORTIONALITY AND UNIT RATE.....citiitiitiiiisiesiisieie ettt 7
SECTION 2.1: ANALYZE PROPORTIONAL RELATIONSHIPS ....ciutiiitiiatiesiieeieesiteeteesieeeteesieesbeesseessesssnesseessnesnseess 9

2.1a Class Activity: Proportional RelationShiPS ..........cccveiiiiiiiieiiec e 10
2.1a Homework: Proportional RelationShIPS. .........ccoiiiiiiii e 15
2.1b Class Activity: Comparing Proportional RelationShips .........covieiieiiiie i 21
2.1b Homework: Comparing Proportional RelationShips...........cocooiiiiiiiiiiieie e 25
2.1c Class Activity: Proportional Relationships as Linear Relationships...........cccccoveviiiiivin e 28
2.1c Homework: Proportional Relationships as Linear Relationships ............ccocoviiriiinicienscneces 31
2.1d Self ASSESSMENT: SECLION 2.1 .. .eiuieiiiiieieiesie sttt bbb bbb bbb e et besbesbenbenneas 34
SECTION 2.2: LINEAR RELATIONS IN PATTERN AND CONTEXT ...uutiitiiatieiiieeieesieeesieesseesieessseessessssessseessessssesnns 38
2.2a Class Activity: Connect the Rule t0 the Pattern............ooe oo 39
2.2a Homework: Connect the Rule t0 the PAttern ..........c.coveiriieiiee e 43
2.2b Class Activity: Representations of @ Linear Pattern............cccooiiieiiiie i 45
2.2b Homework: Representations of a Linear Pattern ... 48
2.2¢ Class Activity: Representations of a Linear CONEXL ..........cccveveiieiiiie i 51
2.2¢ Homework: Representations Of @ LINEAr CONTEXE........cciviriiiiirinieieieie s 54
2.2d Class Activity: Rate of Change in a Linear Relationship ...........ccccoovveiiiii e 57
2.2d Homework: Rate of Change in a Linear Relationship...........ccoceiiiiiiiiiiieecee e 60
2.2e Class Activity: More Representations of a Linear CONEXt...........ccovvveiiiiiiicieiicse e 63
2.2e Homework: More Representations of @ Linear CONEXT ...........ccouririeieiiiene s 68
2.2f Self-ASSESSIMENT: SECTION 2.2 ue ittt ettt bbbt e s et e besbenbesbeebenneas 73
SECTION 2.3: INVESTIGATE THE SLOPE OF A LINE ..c.uviiiiiiiiie ittt sttt 77
2.3a Class Activity: Building Stairs and RAMPS. ........c.coiveiieiiiieii et sre e 78
2.3a Homework: Measuring the Slope of Stairs and RaMPS .........ccoceviiiiiiiiiciencseeeee e 80
2.3b Class work: Dilations and Proportionality.............ccccceeeiiieiioiiiie s 84
2.3b Homework: Dilations and Proportionality ... 87
2.3c Class Activity: Proportional Triangles and SIOPE .........c.coveiieiiiiiiece e 90
2.3c Homework: Similar Triangles and SIOPE..........ooi i 93
2.3d Class Activity: Finding SIope from Graphs ..........cocciiiiiiieic e 94
2.3d Homework: FInding SIOpe from GraphsS...........coiiieiiiiiieie e 96
2.3e Class Activity: Finding Slope from TWO POINES ........ccviiiiiiiiccccse e 98
2.3e Homework: Finding SIOpe from TWO POINES........ccviiiiiiiiiiiiieeeee e 102
2.3f Class Activity: Practice Finding the SIope of @ LiNe.........ccooveiiiii i 103
2.3f Homework: Practice Finding the SIope of @ LINe .......ccooiiiiiiiiiiicce e 104
2.3g Class Activity: Finding Slope from @ CONtEXL..........cccveiiiieiieie e 106
2.3g Homework: Finding SIope from @ CONEXL .........coiiiiiiiieieie e 108
2.3h Class Activity: The Equation of a Linear RelationShip ..........cccocveiiieiiiiiic i 110
2.3h Homework: The Equation of a Linear RelationShip .........cccooviiiiiiiiii e 113
2.3i Class Activity: Use Dilations and Proportionality to Derive the Equation y = mx. ...........cccccoe.e.e. 116
2.3i Homework: Use Dilations and Proportionality to Derive the Equation y = mx...........cccccoeeveenne 119
2.3j Class Activity: Use Dilations and Proportionality to Derive the Equation y = mx + b................... 120
2.3 Homework: Use Similar Triangles to Derive the Equation y = mx + b .......c..ccoovviiiieiiiennen, 124
2.3K Self-ASSESSMENT: SECLION 2.3 .....eieiieiieeeeie ettt e e e s esteeteereesteenseeneenreeseeanee e 125
8WBZ - l ©2014 University of Utah Middle School Math Project in partnership with the

Utah State Office of Education. Licensed under Creative Commons, cc-by.



Chapter 2: Exploring Linear Relations (4 weeks)

Utah Core Standard(s):

e Graph proportional relationships, interpreting the unit rate as the slope of the graph. Compare two
different proportional relationships represented in different ways. For example, compare a distance-time
graph to a distance-time equation to determine which of two moving objects has a greater speed.
(8.EE.5)

e Use similar triangles to explain why the slope m is the same between any two distinct points on a non-
vertical line in the coordinate plane; derive the equation y =mx for a line through the origin and the

equation y =mx+b for a line intercepting the vertical axis at b. (8.EE.6)

e Construct a function to model a linear relationship between two quantities. Determine the rate of change
and initial value of the function from a description of a relationship or from two (x, y) values, including
reading these from a table or from a graph. Interpret the rate of change and initial value of a linear
function in terms of the situation it models, and in terms of its graph or a table of values. (8.F.4)

Academic Vocabulary: proportional relationship, proportional constant, unit rate, rate of change, linear
relationship, slope(m), translation, dilation, y-intercept(b), linear, right triangle, origin, rise, run, graph, table,
context, geometric model, constant difference, difference table, initial value, slope-intercept form.

Chapter Overview:

Students begin this chapter by reviewing proportional relationships from 6th and 7th grade, recognizing,
representing, and comparing proportional relationships. In eighth grade, a shift takes place as students move
from proportional linear relationships, a special case of linear relationships, to the study of linear relationships
in general. Students explore the growth rate of a linear relationship using patterns and contexts that exhibit
linear growth. During this work with linear patterns and contexts, students begin to surface ideas about the two
parameters of a linear relationship: constant rate of change (slope) and initial value (y-intercept) and gain a
conceptual understanding of the slope-intercept form of a linear equation. This work requires students to move
fluently between the representations of a linear relationship and make connections between the representations.
After exploring the rate of change of a linear relationship, students are introduced to the concept of slope and
use the properties of dilations to show that the slope is the same between any two distinct points on a non-
vertical line. Finally, students synthesize concepts learned and derive the equation of a line.

It is highly encouraged that a teacher read the Chapter 2 Exploring Linear Relations Introduction in the
Mathematical Foundation. This introduction clearly articulates how proportional and linear relationships
are related and developed throughout the chapter.

It is important to note that throughout this chapter students are slowly formalizing slope-intercept form for
a linear equation. Students start by gaining a conceptual understanding of slope-intercept form, then arrive
at it using deductive reasoning, and finally in the last few lessons, students derive it. You may choose to
explicitly discuss slope-intercept form earlier in the chapter if it materializes naturally in your classroom.
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Connections to Content:

Prior Knowledge: This chapter relies heavily on a student’s knowledge about ratios and proportional
relationships from 6" and 7" grade. Students should come with an understanding of what a unit rate is and how
to compute it. In addition they need to be able to recognize and represent proportional relationships from a
story, graph, table, or equation. In addition they must identify the constant of proportionality or unit rate given
different representations.

Future Knowledge: After this chapter students continue to work with linear relationships and begin work with
functions. They will work more formally with slope-intercept form as they write and graph equations for lines.
This will set the stage for students to be able to graph and write the equation of a line given any set of
conditions. Students use their knowledge of slope and proportionality to represent and construct linear
functions in a variety of ways. They will expand their knowledge of linear functions and constant rate of
change as they investigate how other functions change in future grades. The work done in this chapter is the
foundation of the study of how different types of functions grow and change.
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MATHEMATICAL PRACTICE STANDARDS:

Make sense of
problems and
persevere
in solving
them.

Gourmet jellybeans cost $9 for 2 pounds.
a. Complete the table.
Pounds 5 3 4 8 10 20

Total Cost $9 $27

b. Label the axes. Graph the c. What is the unit rate?
relationship.
e d. Write a sentence with correct units

to describe the rate of change.
<

e. Write an equation to find the cost
for any amount of jellybeans.

f.  Why is the data graphed only in
the first quadrant?

0 >

X

As students approach this problem they are given some real world data and asked to
graph and analyze it. They must make conjectures about the unit rate of the line and
understand the correspondences between the table, graph, and equation. The final
question asks students to conceptualize the problem by having them explain why only
the first quadrant was used.

Reason
abstractly and
quantitatively.

Graphing points can be time-consuming. Develop a procedure for calculating the
slope without graphing each point. Explain your procedure below. Show that it
works for problems 1-4 above.

Discuss the methods for calculating slope without using right triangles on a graph.
Write what you think about the methods.

Now discuss this formula;. m = Yo=Y, What does it mean? How does it work?

X =%
By examining how the rise and run is found amongst a variety of points students
begin understand that the rise is the difference of the y values and the run is the
difference of the x values. They must abstract the given information and represent it
symbolically as they develop and analyze the slope formula.
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On the line to the right choose any two points that 4
fall on the line. (To make your examination easier
choose two points that fall on an intersection of

the gridlines). s

From the two points create a right triangle, the “— - -
line itself will be the hypotenuse and the legs will
extend from the two points and meet at a right

<Y

angle.
Construct :
viable Compare the points that you chose and your v
arguments triangle with someone in your class. Discuss the
and critique | following:
the reasoning | Did you both choose the same points?
of others. How are your triangles the same?
How are your triangles different?
What relationship exists between your triangles?
Upon comparing their triangle with a class member students begin to discover that
any right triangle constructed on the line is related through a dilation. By talking
with one another they can analyze different triangles and discuss the proportionality
that exists between them. This also gives students the opportunity to help one
another learn how to accurately construct the right triangle on the graph used to
find slope. In addition, they begin to make conjectures about how slope can be found
from any two points on the line.
a. Create your own story that shows a proportional relationship.
b. Complete a table and graph to represent this relationship. Be sure to label the axes
Model with | of your graph.

mathematics.

c. Write an equation that represents your proportional relationship.

This question asks students to not only create their own proportional relationship but
to model it with a table, graph, and equation. Students show their understanding of
how a proportional relationship is shown in several representations.

Attend to
precision.

The graph below shows the distance a cat is from his bowl of milk over time. Which
sentence is a good match for the graph? oot
A. The cat was 12 feet away from the (4,12)
milk and ran toward it reaching it after 4
seconds.

B. The cat was 4 feet away from the milk

and ran toward it reaching it after 12

seconds.

C. The cat ran away from the milk at a

rate of 3 feet per second.

D. The cat ran away from the milk at a

rate of 4 feet per second.

E. The cat was 12 feet away from the 0
milk and ran away from it at a rate of 4

feet per second.

a

>
seconds

Upon examining the graph students must attend to precision as they discuss the
ordered pair (4,12) and analyze exactly what it is telling us about the cat. Students
often confuse the given information with rate of change and fail to recognize what
guantity each number in the ordered pair represents. Also they must communicate
what the direction of the line is telling us. Later on they are asked to make their own
graphs and must use the correct units and labels to communicate their thinking.
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Use
appropriate
tools
strategically.

Your group task is to build a set of stairs and a handicap ramp at the side. Both the

stairs and the ramp will begin at the same place (at ground level) and end at the

height of three feet. Answer the following questions as you develop your design.
e How many steps do you want or need?

e How deep should each step be (we will call this the run)? Why do you want
this run depth?

o How tall will each step be (we will call this the rise)? Why do you want this
rise height?

e What is the total distance (total depth for all steps) you will need (at the
base) for all of the stairs? This would be a measurement at ground level from
stair/ramp start point to stair/ramp end point.

Sketch the ramp as viewed from the side on graph paper below. Label and sketch the
base and height, for example: stair-base (in inches or feet) and height (in inches or
feet).

As students design a set of stairs and ramps they must use decide how they can use
the tools (graph paper, ruler, pencil) provided them most efficiently. They will need
to generate a graph that displays their designs and use the graph as a tool to analyze
the slope of the stairs and ramp.

Look for and
make use of
structure.

Examine the graphs and equations given above. Describe the general form of
a linear equation. In other words, in general, how is a linear equation written?
What are its different parts?

As students examine many equations in slope-intercept form and interpret the slope
and y-intercept they see the structure of the general form for a linear equation begin
to emerge. Even if they write the initial value or y-intercept first they can step back
and look at an overview of the general form of the equation and shift their
perspective to see that the order in which you write your slope and initial value does
not matter.

Look for and
express
regularity in
repeated
reasoning.

In each graph below, how many right triangles do you see?
e  Trace the triangles by color.
e  For each triangle write a ratio comparing the
height
g . Then simplify
ase

/

LY

lengths of its legs or

ght

_ hei T A T
the ratio = .
base /, s

In this series of problems students repeatedly find the height/base ratio of triangles
that are dilations of one another and infer that slope can be calculated with the
rise/run ratio by choosing any two points. A general method for finding slope as
rise/run is discovered.

v
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2.0 Anchor Problem: Proportionality and Unit Rate

Toby the snail is crossing a four foot wide sidewalk at a constant rate. It takes him 1 minute and 36 seconds to
scoot across half the width of the sidewalk, as pictured below.

\&

N e aft—»

s e

1. Find the unit rate for this proportional relationship. Be sure to explain what this unit rate means.
Toby travels at a rate of .25 inches per second.

2. Write an equation that describes this proportional relationship if x is the amount of time it takes Toby to
cross the sidewalk and y is the distance he has traveled. Use this equation to make a table of values to
graph the first 5 seconds of Toby’s journey.

Distance(feet) o

y =.25x
15
X
y 1.25
0 0
1
1 0.25
2 05 075
3 0.75 0.5
4 1 0.25 g
Unit Rate
5 1.25 N
0 1 2 3 4 5 'Time(seconds)

Recall that a unit rate in a proportional relationship describes how many units of one quantity correspond to one
unit of the second quantity. Highlight the unit rate on the graph together as a class. If you move over 1 unit on the
x-axis you can see that the y-value of 0.25 corresponds to it on the graph. We are only looking at the slope of the

line as unit rate at this point. % will be introduced later in the chapter.

3. How long will it take Toby to cross the sidewalk?
It will take Toby 192 seconds to cross the sidewalk.
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A large group of cyclists are on the sidewalk heading in Toby’s direction. The graph below shows the rate at
which they travel. Distance(feet) o

70

4. Find and describe the unit rate for the
group of cyclists. Highlight this unit 651€

rate on the graph. -
The cyclists travel at a rate of 22 ft per 60 v
second. o a
V4
V4
5. Describe how you can find the unit 50 v
rate at a different location on the v
graph. Since this is a proportional 45 /
relationship the unit rate can be found 4 ”
by dividing any two points that fall on 40 7
the line. /
35 v
6. The cyclists are 4300 feet away from ., //
Toby on the sidewalk. Will Toby cross 7

the side walk before the cyclists reach 25 y
him? Justify your answer.

20 /
Toby will cross the sidewalk before //
the cyclists reach him. Atarate of 22 15 7
feet per second it will take about 195 0 v
seconds for the cyclists to reach //
Toby’s location. Toby only needs 192 5=
seconds to cross the sidewalk. /

< 1 2 3 >
v Time(seconds)

The green arrows address number 5. Students are technically finding slope but in a very informal
way. At this point have students divide these quantities to see that they are proportional to the unit
rate.
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Section 2.1: Analyze Proportional Relationships

Section Overview:

The section begins by reviewing proportional relationships that were studied in 6™ and 7" grade. By
investigating several contexts, students study the proportional constant or unit rate in tables, graphs, and
equations. They recognize that a proportional relationship can be represented with a straight line that goes
through the origin and compare proportional relationships represented in many ways. In the last lesson of the
section a bridge from proportional relationships to linear relationships is achieved as students translate the graph
of a proportional relation away from the origin and analyze that there is no effect on steepness of the line or rate
at which it changes but that the relation is no longer proportional. They begin to see a proportional relationship
as a special subset of a linear relationship where the rate of change is a proportional constant or unit rate and the
graph of the relationship is a line that goes through the origin. Students also investigate the transition of the
proportional constant or unit rate to rate of change, that is, if the input or x-coordinate changes by an amount A,
the output or y-coordinate changes by the amount m times A.

Concepts and Skills to Master:

By the end of this section, students should be able to:
1. Graph and write equations for a proportional relationship and identify the proportional constant or unit

rate given a table, graph, equation, or context.
2. Compare proportional relationships represented in different ways.
3. Know that the graph of a proportional relationship goes through the origin.

Section 2.1a is a review of proportional relationships from 7" grade. Depending on the background knowledge
of your students you may decide to skip some of the problems in this section. Be sure to assess the needs of your
students as you decide which problems you are going to have them do. In addition, look at Chapter 4 in the 7
grade textbook and workbook to see examples of the foundation of which understanding is built for proportional
relationships.

Many of the relationships described in this chapter are most accurately described with a discrete graph; that is
that the points are not connected. Most of the answers provided in this chapter give a continuous graph for the
relationships. Understanding the difference between discrete and continuous relationships is important but is not
relevant to the learning at this point in the progression of linear relationships.
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2.1a Class Activity: Proportional Relationships

In the previous chapter, you wrote equations with one variable to describe many situations mathematically. In
this chapter you will learn how to write an equation that has two variables to represent a situation. In addition to
writing equations you can represent real-life relationships in others ways. In 6" and 7™ grade you studied
proportional relationships and represented these relationships in various ways. The problems given below will
help you to review how ratio and proportion can help relate and represent mathematical quantities from a given
situation.

1. Julie is picking teammates for her flag football team. She picks three girls for every boy.

a. Complete the table below to show the b. Graph the girl to boy relationship for Julie’s
relationship of boys to girls on Julie’s team with boys on the x-axis and girls on the y-
team. Girls o axis.

Boys | Girls
14
173
X3 12 @
2—*6
X3 10
3—/ 79 ¢
X3 8
4 —P12
X3 6 @
As students find the ratio and write their equation it is 4
important to discuss the correspondence between the ®
table, graph, and equation. Point out how you can observe 2 3
the proportional constant in each of them. In the table you
can see that the number of boys is related to the 1 >
corresponding number of girls by multiplying by three. In T2 4 7 1
the graph the corresponding y-value for an x value of one 0 3 5 6 8 9 10 Boys
is three. Finally, in the equation three relates the number Ask students if it makes sense to connect the ordered pairs in
of girls(y) to the number of boy(x). this graph. Also, ask them why is the first quadrant only

5 : : _ | included for this graph.
c. Find the ratio of girls to boys for several different ordered pairs in the table.

numberof girls 12 6 3

number of boys 4 2 1
Sample answers are given. All ratios will reduce to %
d. Fill in the boxes to show the relationship between girls and boys on Julie’s team.

Number of girls = e Number of boys
y X

Sample answers are given above.
e. Use the equation and graph to determine how many girls would be on the team if Julie chose 10 boys
to be on the team.
If Julie chose 10 boys to be on the team there would be 30 girls on the team.
f. Use the equation and graph to determine how many boys are on the team if Julie chose 18 girls.
If there are 18 girls on the team then there are 6 boys on the team as well.
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In the previous example the two quantities of interest are in a proportional relation.

Recall that when two quantities are proportionally related, the ratio of each y value to its corresponding
x value is constant. This constant is called the constant of proportionality or proportional constant.

The ratio that related the number of boys to girls was 3. This is the proportional constant for this relationship.

2. Carmen is making homemade root beer for an upcoming charity fundraiser. The number of pounds of
dry ice to the ounces of root beer extract (flavoring) is proportionally related. If Carmen uses 12 pounds
of dry ice she will need to use 8 ounces of root beer extract.

a. Write a ratio/proportional constant that relates the number of pounds of dry ice to the number of
ounces of root beer extract.
pounds of dryice 12 3

) ) ) ounces of root beer 8 2
b. Write a ratio/proportional constant that relates the number of ounces of root beer extract to the

number pounds of dry ice.
ounces of root beer 8 2

pounds of dry ice 12 3

Notice that the proportional constant depends on how you define your items.

c. Complete the table below to show the d. Graph and label this relationship below.
relationship between number ounces of A
root beer extract x and number of pounds 15
of dry ice y needed to make homemade 14 ,/
root beer. 13 V.
12
Ounces of Pounds of o 11
Root Beer Dry Ice 2 10 X
Extract (y) = 9 / +6
() S 5
0 g 0 ) //
X3 43 < 7 /
+1 1 —Ll> 3 2 o 6 g W)
3 5=15 L3 ® g /|
+1 o 2 Vi
2 — > 3 3 4
x 2 +; 3 /
+1 3 —2I> 2 — 4 5 2 /
3 2 "4
X = +- 1 =
+1 N4 —* 6 2 74\ +
% E +6 & - >
+4 > 0,1 2 3 4 5 6 7 8 9 10
8 —r 12 Ounces of Root Beer Extract
x —_
2

Ask if it is appropriate to connect the ordered pairs in this situation. After discussing unit rate in number 5 below have
students show how they see the unit rate in the table (note the jump of the x value from 4 to 8) and graph. Looking at the unit
rate on the graph is essentially the same as finding the slope. At this point in the chapter view this as unit rate. Found by
looking at the vertical increase (the number of y units) that relate to a horizontal increase of 1(1 unit of x.). The connection to
slope will come later. Proportional constant and unit rate have the same value they are just different ways of interpreting the
relationship between your quantities.
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d. What is the proportional constant for this relationship?
The proportional constant for this relationship is %

Students may try to argue that the proportional constant is 2/3. Point out that in this case the number of ounces of extract is
defined as x and the pounds of dry ice is defined as y. If you were to switch the x and y variables than the proportional constant
would be 2/3.

e. Write an equation that shows the relationship between the number of ounces of root beer extract (x)
and the number of pounds of dry ice (y) needed to make homemade root beer.
3
y= Ex
Every ratio has an associated rate. Unit rate is another way of interpreting the ratio’s proportional constant. The
statement below describes how unit rate defines y and x in a proportional relationship.

If quantities y and x are in proportion then the unit rate of y with respect to x is the amount of y that
corresponds to one unit of x. If we interchange the roles of y and x, we would speak of the unit rate of x
with respect to y.

5. In the previous problem Carmen was making homemade root beer. Express the proportional constant as
a unit rate.

The proportional constant is % This means that she will need % or 1.5 pounds of dry ice for every one

ounce of root beer extract.
6. What would the unit rate be if we interchanged the roles of x and y?

If you were to switch the x and y variables then the unit rate would be g You will need two thirds of an
ounce of root beer extract for every one pound of dry ice.

In the problem below use the properties of a proportional relationship to help you answer the question.

7. Doug is pouring cement for his backyard patio that is 100 square feet. The cement comes out of the
truck at a constant rate. It is very important that he gets all the cement poured before 12:00 noon when it
gets too hot for the cement to be mixed properly. It is currently 11:00 AM and he has poured 75 square
feet of concrete in the last 3 hours. At this rate will he finish before noon?

a. Fill in the missing items in the table if x b. Graph the relationship below.
represents the number of hours that have 4
passed since Doug began pouring concrete 100 /
and y represents the amount of concrete > 90
poured 3 80 /
=
Time elapsed Amount of 2 /
(hours) concrete poured g 70 /
X (square feet) 8 60
y S /
0 0 g
@D
@ 40
1 25 x= /
o 30
2 50 @ )4
= 20
3 (11:00AM) 75 g 1/
4 100 / N
0 1 2 3 4 5 7

Time elapsed (hours)
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c. What is the unit rate for this relationship? In other words, how many square feet of concrete can

Doug pour in 1 hour.

Once again you may want to show how you can
Doug can pour 25 square feet of concrete per hour. gain y y y

find the unit rate in the table and graph above.

d. Which equation given below best describes this relationship?
b) y=75x
c) x=25y d) y=1ix

e.  Will Doug finish the job in time? Justify your answer.
Doug will finish the job by 12:00 because he can pour 25 square feet of concrete per hour. He only
has 25 square feet left to pour and one hour do it.

10. Vanessa is mixing formula for her baby. The graph given to the right describes the relationship between
the ounces of water to the scoops of formula to make a properly mixed bottle.

a. Does the graph describe a proportional . 5“
relationship? Justify your answer. 14
This is a proportional relationship because 13
the graph is a straight line going through the 5
origin.

B Y,

[}

b. What is the unit rate for this relationship?
Show on the graph how you can see the unit
rate.

The unit rate for this relationship is 3 ounces
of water per one scoop of formula.

13JeAA JO S=aaunQ

= N W hHh o1 OO~N ®

c. Ata different location on the graph show and 2 3 4567 8910111213145
explain how you can find the unit rate. Since Scoops of formula
this is a proportional relationship the unit rate

can be found by dividing any two points that fall on the line. For example 14—2 = 3.

o

d. Write an equation to relate the ounces of water to the scoops of formula.
y=3X

e. How many scoops of formula must Vanessa use to make 9 ounce bottle for her baby?
Vanessa will need to use 3 scoops of formula to make a 9 ounce bottle.
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11. Ben, Boston, and Bryton have each designed a remote control monster truck. They lined them up to
crush some mini cars in the driveway. The lines on the graph below show the distance in inches that
each monster truck travels over time in seconds.

Distance (inches) o

Ben Bryton
/ /
/ Ao
/ /
/ // Boston

'

0 'Time (seconds)

a. Bryton states that each truck is traveling at a constant rate. Is his statement correct? Why or why not.
Bryton is correct. The graph for each truck is a straight line going through the origin. This means
that they are representing a proportional relationship.

b. What do the values in the ordered pairs given on the graph represent?
At each particular point the x values represent the time that has passed and the y values represent the
distance the truck has traveled.

c. Find the unit rate for each boy’s truck.
Ben: 4 inches per second

4 1.
Bryton: S or 1 3 inches per second

1 .
Boston: > of an inch per second

d. Which boy’s truck is moving the fastest?
Ben’s truck is the fastest.

12. Explain why the graph of a proportional relationship makes a straight line.
A proportional relationship is described by the proportional constant, this means that the relationship is
growing by the same factor for x and y. This constant rate of change makes the line straight.

13. Summarize what you know about proportional relationships using bulleted list in the space below.
e Proportional relationships are characterized by a proportional constant that relates x to y.
e A unit rate describes the proportional constant by indicating the amount of y that corresponds to one
unit of x.
e The graph of a proportional relationship is a straight line going through the origin.
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2.1a Homework: Proportional Relationships.

1. Aflorist is arranging flowers for a wedding. For every 2 pink flowers in a vase, he also includes 8 white

flowers.

a. Complete the table below to show b. Graph the white flower to pink flower relationship
the relationship of white to pink for each vase with pink flowers on the x-axis and
flowers in each vase. white flowers on the y-axis.

White o
Pink | White
24 .
1 |4 22
20
2 8 18
16
3 12 14
12 -
6 24 10
8 -
6
4l—e
2

0 1 2 3 4 5 6 7 8 9 10 pink

c. Find the ratio of white to pink for several different ordered pairs in the table.

number of white flowers _ 24 _ 8 4

number of pink flowers 6 2 1
Sample answers are given. All ratios will reduced to %.
d. Fill in the boxes to show the relationship between white flowers and pink flowers in a vase.

Number of white flowers Number of pink flowers
y = 4|«

Sample answers are given above.
e. Use the equation and graph to determine how many white flowers there would be if the florist
included 20 pink flowers.
If the florist includes 20 pinks flowers there will also be 80 white flowers.
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2. You are going to Europe for vacation and must exchange your money. The exchange rate of Euros to
Dollars is a proportional relationship. The table below shows the exchange rate for Euros y to Dollars x.

a. Complete the table. b. Graph the Euro to Dollar relationship.
Euros o
Dollars(x) | Euros(y) 10
2 15 0
8
4 3
7 4
2
6 4.5 6 /
8 6 5 .o
c. What is the unit rate for this /
relationship? 3 /
The unit rate is z of a Euro per dollar. 2 A
Meaning that one dollar equals three 1 » /
fourths of a Euro. /
- >

o 1 2 3 4 5 6 7 8 9 10 pollars
d. Write an equation that represents this relationship.
y = %x or y=.75X

e. If you exchanged $20, how many Euro would you get?
You will get 15 Euro for $20.

f. If you recieved 36 Euro, how many dollars did you exchange?
If you get 36 Euro you exchanges $48.

3. Inthe problem given above we found that the unit rate described the number of Euros in a Dollar. Now
interchange the roles of y and x for this relationship. Find the exchange rate for Dollars (y) to Euros (x).
Use the questions below to help you do this.

a. Make a table of values to represent the Dollar to Euro relationship.

Euros(x) | Dollars(y)
1.5 2
3 4
45 6
6 8
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b. What is the unit rate for this Dollar to Euro relationship?
The unit rate is g or 1§ Dollars per Euro. This means that you would get approximately $1.33 per

Euro.
c. Write an equation that represents this relationship.
4
y=3%

Use the equation to answer the following questions.
d. While in Europe you find a shirt that you want to buy that is marked at 25 Euros. You only have
$32 to exchange for the Euros. Do you have enough money? Explain.
You will not have enough money because the shirt costs approximately $33.33.

e. Upon returning home from Europe you have 100 Euros left. How many Dollars can you get for 100
Euros?
You can get approximately $133.33 for 100 Euros.

4. The graph given below shows the gas mileage that Penny gets in her car. The ratio 192:6 describes the
miles to gallons fuel rate for her car.

a. What is the unit rate for this Miles o
relationship? 500 7
32 mpg or Penny can go 32 450
miles on one gallon of gas.
400 /
350
b. Use the graph to approximate 300 LA
how many miles Penny can go /
if she has a 15 gallon tank in 250 V4
her car. 200 /
Penny can go 480 miles on one 150 ,/
tank of gas. //
100
504

0 1234567 8 910111213141516 'Galions
. 1
5. A proportional constant ofg relates

the number of inches a flower
grows to the number of weeks since being planted.

a. Fill in the missing items in the table if x represents the number of weeks that have past and y
represents the height of the flower.

X 1 3 6 9 30
(weeks)

y 1 2 3 10
(height) 3
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b. Write an equation that represents this relationship and use the equation to predict how tall the flower

will be after 8 weeks.

The flower will be 2 % inches tall after 8 weeks.

c. Isit probable for the flower to continue to grow in this manner forever?
No, the flower will eventually die or stop growing; otherwise it would get too big to support its

weight.

1
y—3x

6. Padma needs to buy 5 pounds of candy to throw at her city’s annual 4™ of July Parade; the picture below
shows how much it costs to buy Salt Water Taffy at her local grocery store.

Salt Water Taffy

3 pounds for

$15.00

a. Find the unit rate for this proportional relationship. Be sure to describe what this unit rate means.
The unit rate is 5. This means that it costs $5.00 per pound of taffy.

b. Write an equation that describes this proportional relationship if x is the number of pounds and y is
the cost. Use this equation to make a table of values to graph how much up to five pounds of taffy

will cost.

y =5x

Money(dollars) 4

30

h

28

26

24

22

10

15

20

25

M
UTIU TRALT

V' N

2 3 4 5 Weight(pounds)

¢. How much will it cost Padma to buy the 5 pounds of candy that she needs?
It will cost Anna $25 to buy 5 pounds of candy.
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7. Padma also sees that she can buy Tootsie Rolls at the grocery store. The graph below shows cost of
tootsies rolls per pound purchased. (Note: When cost is involved unit rate is often referred to as unit

price.)
Money(dollars) 4

a. Find and describe the unit rate for 5,
the Tootsie Rolls. Highlight this /
unit rate on the graph. 28 7
The unit rate is $6.50 per pound 26}«
/
24 p ~ . ~
b. Describe how you can find the unit 22 7 7
rate at a different location on the 20} / /-/
graph. Since this is a proportional 4 /‘ 7/
relationship the unit rate can be ' . ”// //
found by dividing any two points 16 bk e 4 /
that fall on the line. (Green lines are 14 / —
possible answers.) 12 7
// /
c. Graph the line for the Salt Water 10 77 Tafty
Taffy on the grid with the Tootsie 8 // //
Roll. Label each line with the candy & "//
it represents. 4
See graph. 5
1 2 3 4 5

Weight(pounds)

d. What is the better deal for Padma, should she buy the Salt Water Taffy or the Tootsie Rolls? Justify
your answer.
She should buy the Salt Water Taffy it only costs $5.00 per pound where the Tootsie Rolls costs
$6.50 per pound.
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8. Create your own relationship.

a. Create your own story that shows a proportional relationship.
See student answer

b. Complete a table and graph to represent this situation. Be sure to label your graph and table.
See student answer

A

c. Write an equation that represents your proportional relationship.
See student answer

When creating their own contexts, students often struggle. If this is the case ask them to start by making a
list of things they are interested in. This allows them to make a personal connection to their work and
piques their interest. You could also tell them to go back and look at some of the previous problems to
use as a launching point in their thinking. Ask students to exchange their stories with a class member for
the next day’s “starter” activity. The class member must make a table, graph, and equation for the story.
Then they can compare.
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2.1b Class Activity: Comparing Proportional Relationships

Proportional relationships can help us to compare and analyze quantities and to make useful decisions.
Complete the tasks given below that compare proportional relationships.

Emma is putting together an order for sugar, flour, and salt for her restaurant pantry. The graph below shows the
cost y to buy x pounds of sugar and flour. One line shows the cost of buying x pounds of flour and the other line
shows the cost of buying x pounds of sugar.

Cost

h

Sugar

Flour

[

0 Pounds

1. From the graph which ingredient costs more to buy per pound? Justify your answer.
The sugar costs more to buy per pound. Since the line for the sugar is steeper that means that it has a
higher unit rate.

2. The cost to buy salt by the pound is less than sugar and flour. Draw a possible line that could represent
the cost to buy x pounds of salt.
Any line that is drawn below the flour line could be a possible answer.

Don and Betsy are making super smoothies to re-energize them after a long workout. Betsy follows the recipe
which calls for 2 cups of strawberries for every 3 bananas. Don wants twice as much as Betsy so he makes a
smoothie with 4 cups of strawberries and 5 bananas.

Don tastes his smoothie and says, “This tastes too tart, there are too many strawberries!”

3. Explain why Don’s smoothie is too tart.
Don did not add the right amount of bananas he doubled the amount of
strawberries by adding 2 cups, but he also added 2 bananas. He should have
doubled the bananas from 3 to 6. The smoothie was too tart because he did not add enough bananas to
balance out the tartness of the strawberries.

4. Find and describe the unit rate for Besty’s smoothie.
The unit rate for Besty’s smoothie is 1.5. This means that for every 1 cup of strawberries there are 1.5
bananas.
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5. Find and describe the unit rate for Don’s smoothie.
The unit rate for Don’s line is 1.25 or 6/5. This means that for every 1 cup of strawberries there are 1.25
bananas.

6. Write an equation that relates the number of strawberries(x) to the number of bananas(y) for Besty’s
smoothie.
Besty y=1.5x

7. Write an equation that relates the number of strawberries(x) to the number of bananas(y) for Don’s
smoothie.
Don y=1.25x

8. Use your equations to make tables to graph both of these lines on the same grid. Be sure to label which
line belongs to which person.

bananas o
Ask students if 7 7 -
they can find the / /
unit rate on the 5 Batsyl/ | ¥
graph as well. /
/
5 /
/
4
/, //Dr n
3 /
/
2 /
7/
4
1
>
0 1 2 3 4 S 6 7 strawberries

9. Explain how the steepness of the lines relates to the unit rate.
Don’s line is less steep meaning that his unit rate is smaller.

We are not formally finding slope (rise/run), but rather looking at it as a unit rate. You can still have a
discussion about how Don'’s line is not as steep because his unit rate is smaller. This relates to the
context in that he does not have as many bananas per 1 cup of strawberries, thus making a smoothie
that is too tart.
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10. For the recreational activities below, compare the cost y per hour x by looking at graphs and equations.

e Fill in the missing representations. If the information is given in a table, fill in the story and equation. If
the information is given in an equation, fill in the story and table, etc.

e Find the unit rate or slope for each situation.

e Graph all situations on the given graph on the next page. Remember to Label the axes. Label the lines

with the situation names.

Answers given in the tables may vary.

a. Long Distance Phone Call:
It costs $10 per hour to talk
on the phone long distance.

Hours(x) | Cost(y)
0 0
1 10
2 20
3 30
4 40

Equation: y = 10x

Unit Rate: $10 per hour.

b. Roller skating
Roller skating for two hours
costs $5.

Hours(x) | Cost(y)
0 0
2 5
4 10
6 15
8 20

Equation: y = gx

Unit Rate: $2.50 per hour

c. Music Lessons
The bill for private guitar
lessons was $75. The lesson
lasted 3 hours.

Hours(x) | Cost(y)
0 0
3 75
6 150
9 225
12 300

Equation: y = 25x

Unit Rate: $25 per hour

d. Parks
Renting a park pavilion for 24
hours costs $6.

Hours(x) | Cost(y)
0 $0
6 $1.50
12 $3
18 $4.50
24 6

Equation: y = ix

Unit Rate: $0.25 per hour.

e. Bungee Jumping
It costs $20 to bungee jump
for 15 minutes.

Hours(x) | Cost(y)
0 0
1 80
2 160
3 240
4 320

Equation: y = 80x
Unit Rate: $80 per hour.

f. See student answer

Hours(x) | Cost(y)

Equation:

Unit Rate:
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Graph

// d
O: T 2 3 4 "§F. 6 T % 9 105 1 3 -I15 16 17 18 1920 21 22 23 24 25 26 .27
X Hours

If the teacher wants to make this activity more interactive they can cut out the boxes that
contain the recreational activities and ask students to compare and sort them in a group. If
dynamic graphing software is available each group could graph an activity and then merge
them onto one graph. This could also be done by placing overhead transparencies on top of
each other with the same scale.
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2.1b Homework: Comparing Proportional Relationships
Use the graph completed during the class activity to answer questions 1-10 below.

1. Order the five activities from highest cost to lowest cost per hour.
Bungee Jumping, Music Lessons, Long Distance, Roller Skating, Parks

2. How do you compare the cost per hour by looking at the graph?
The steeper the line, the more expensive it is per hour.

3. How do you compare the cost per hour by looking at the equations?
The greater the unit rate(the number in front of x) the more expensive it is per hour.

4. Create a sixth activity in column f on page 23. Think of a situation which would be less expensive than
Bungee Jumping, but more expensive than the others. Fill in the table and make the graph.
See student examples
Answer the questions below:

5. As the rate gets higher, the line gets steeper.

lower less steep
6. Renting the pavilion at the park for 3 hours costs 75 cents.
7. Talking on the phone for 2.5 hours costs $25.

8. Bungee jumping for %2 hours costs $40.

9. For $10 you can do each activity for approximately how much time?

a. Long Distance 1 hour

b. Roller Skating 4 hours

c. Music Lessons 24 minutes

d. Park 40 hours

e. Bungee 7% minutes

f. See student
answer

10. Did you use the tables, equations or graphs to answer questions 5-10? Why?
See student answer.
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11. The graph below shows the distance two snowboarders have traveled down a hill for several seconds.

Hannah is traveling 18 meters per second.

Distance o

Torah

Hannah

a

0

L4
Seconds

a. hich equation below is the best choice to describe the distance Torah travels after x seconds.
ﬂ@ b) y=17x

c) y=10x

b. Explain your reasoning for your choice above.
The equation y=29x is the only equation that contains a unit rate that is greater than 18 meters per

second.

d) y=-18x

c. The unit rate of 10 meters per seconds describes Christina’s speed going down the same hill. Draw a
line that could possibly represent her speed.
Answer will be any straight line that is below Hannah’s line, goes through the origin, and has a

positive slope.

12. At Sweet Chicks Bakery the equation y = 3.25x represents the total cost to purchases cupcakes; where x

represents the number of cupcakes and y represents the total cost. The graph given below shows the cost
for buying cupcakes at Butter Cream Fairy Bakery.

dollars“
10 II —
o 7
8
/
7 II
6 II
5 7
4
U i
8 AW NAWAWAW (WA
) J\RYI NRVEVAY [VRVA
RN AT T
; = AR
7
0 2 3 4

>
S #of cupcakes

a. Which bakery offers the better deal? Use the equation and graph to justify your answer.
Sweet Chicks Bakery offers the better deal because it costs $3.25 per cupcake at this bakery. At

Butter Cream Fairy Bakery it costs $4.00 per cupcake.

b. Use the information given above to determine how much it will cost to buy 10 cupcakes at the
bakery with the better deal. It will cost $32.50 to buy ten cupcakes at Sweet Chicks Bakery.
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13. The table given below shows how much money Charlie earned every day that he worked last week. He
gets paid the same rate every hour.

Tuesday Wednesday Friday
Hours Worked 4 5 3.5
Money Earned $38.00 $47.50 $33.25

Sophia earns $10.50 per hour at her job.

a. Using the same coordinate plane, draw a line that represents Charlie’s earnings if X represents the
number of hours worked and y represents the amount of money earned. Also draw a line that
represents how much Sophia earns. Label each line with the person’s name.

Dollars o
50 -
y 4
y 4
y 4 V4
45 II II
y AR 4
y 4
y 4
40 II I,
Y 4 I{
po] 1] 9111
y
35 II II
y 4 Cild 11T
30 II II
y 4
VAW 4
y A 4
25 III,
] J
V&V 4
y 4
20 -
V4
V¥ 4
74
15 - - -
Vs 4
V/ 4
V/4
10
5
i >

S 'Hours

b. How can you use this graph to determine who makes more money?
Answers may include that the line for Sophia is steeper so she makes more money. Students might
also point out that the graph shows a unit rate of $9.50 per hour for Charlie, so Sophia makes more
money.
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2.1c Class Activity: Proportional Relationships as Linear Relationships

1. Two cousins, Grace and Kelly, are both headed to the same summer camp. They both leave from their
own house for camp at the same time. The graph below represents the girls’ trips to camp.

A
Modeling is a huge
280 / / part of this chapter.
S / / Ask students to
g explain how
£ 240 . .
5 / / Modeling with
T 200 / Mathematics is shown
S / in this problem.
Q160 /
2 elly /
120 Give students time to
= / analyze the graph. Have
£ 80/ / practe them explain how you
o can see that Kelly lives
=5 80 miles closer to camp
g 40 / than Grace, but they
= 4 both travel at the same
0 1 2 3 4 5 5 P rate.
Time (hours)
a. Analyze the graph to determine which girl is traveling faster.
Both girls are driving 60 mph.
b. Complete the table below for Grace and Kelly.
Grace Kelly
Time(x) | Distance(y) y Time(x) | Distance(y) y
x x
0 0 ) 0 80 @
1 60 60 1 120 120
2 120 60 2 160 50
3 180 60 3 200 66%
4 240 60 4 240 60

Be sure to have a conversation about why the ratio is undefined at time 0. Important vocabulary is
reviewed below; perhaps have students add the words to a word wall or a vocabulary card.

c. What do you notice about the ratio % for Grace? What do you notice about the ratio % for Kelly?

What is this ratio describing?

The ratio is the same for Grace. The ratio is not the same for Kelly. The ratio describes the
proportional constant or unit rate that relates the time to the distance. The unit rate for grace is 60
mph. There is not a unit rate for Kelly.
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d. Describe why Kelly’s driving relationship is not proportional?
There is not a proportional constant that relates the time to the distance. Her line is a straight line
but does not go through the origin.

e. Isit possible to still describe the rate at which Kelly drives? If so, what is it?
It is possible to describe the rate that Kelly drives, you just have to find the change in distance over
time. Kelly also travels 60 mph, she just lives 80 miles closer to camp.

Even though Kelly’s driving relationship is not proportional, it still exhibits a constant rate of change, as seen in the
graph by a straight line. You can see this in the table as well by looking at the change that occurs between
variables. In Kelly’s case the distance increases by 60 miles as the time increases by 1 hour.

Ask students to describe and show how they can see the rate of change for Kelly in the graph and table.

Often the rate at which a relationship changes is shown by seeing that the changes from one
measurement to another are proportional; that is, the quotient of the change in y values with
respect to the x values is constant. This is called the Rate of Change.

Both of the relationships described above have a constant rate of change of 60 mph. This constancy defines
them as linear relationships. (Their graphs produce straight lines).

f. Use what you learned above to see if you can write an equation that represents each girl’s distance y
from Grace’s house after x hours.

While you discus the Rate of Change
definition in the box above, you can show the

Grace: y=60x how to see the constant rate of change in the
tables. 60 is added to each row in the last
Kelly: y=60x+80 column.

2. Agatha makes $26 for selling 13 bags of popcorn at the Juab County Fair.

a. Find and describe the rate of change for this relationship.
The rate of change is 2 dollars for every bag of popcorn sold.

b. Complete the table that shows the c. Graph the dollars to bags of popcorn relationship.
amount of money Agatha makes for Dollars o
selling up to three bags of popcorn. 15

14
X y 13
12
0 0 11
- +2 Rate of 12
1 2 2 4+ Change 8
> W] pattern Is 7
X2 4o Seen 5
T vertically 5
X2
4
Proportional constant pattern is 2
seen horizontally. Constant ]
ratio is %07’%

'Y
0 12345678 9101112131415 Bags of Popcon
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d. Highlight on the graph where you can see the rate of change.
See graph.

e. Write an equation that represents the relationship between the number of bags of popcorn that
Agatha sells(x) and the amount of money she makes (y).
Equation: y =2X

3. At the Sanpete County Fair Fitz gets paid $8 a day plus $2 for every bag of popcorn that he sells.

a. Find and describe the rate of change for this relationship. The unit rate for this relationship is two
dollars for every bag of popcorn sold.

b. Complete the table that shows the amount of money that Fitz makes for selling up to three bags of

popcorn. — - - - —
This is where students begin to see that a proportional relationship is a subset of a
linear relationship. That it is in fact a special linear relationship. Be sure to talk
2 y about how the two relationships exhibited on this page are both linear
relationships because they both have constant rate of change. Agatha’s
0 8 relationship shows a special case where the linear relationship is also proportional.
1 |10 v
+2
2 12 In addition to looking at the rate of change on the graph you can point out how the
+2 | rate of change can be seen in the tables by observing that the change in the x-

3 14 values is a constant multiple of the change in the corresponding y-values. This
change is a pattern that can be seen vertically, similar to finding the unit rate,
rather than from left to right as done previously with finding the proportional
constant.

c. Graph this relationship on the same coordinate plane as Agatha’s line on the previous page.
See graph on previous page.

d. Highlight on the graph where you can see the rate of change.
See graph.

e. Write an equation that represents the relationship between the number of bags of popcorn that Fitz
sells(x) and the amount of money he makes(y).
Equation: y =8+2x

f. Write at least two sentences that explain the similarities and differences between Agatha’s and Fitz’s
relationship.| Discuss the possible answers given below.
Agatha and Fitz’s relationships are both linear because they exhibit a constant rate of change. They
both get paid the same amount of money per bag of popcorn because their rates of change are the

same. Agatha’s relationship is proportional because a proportional constant of 13 relates the number

of bags of popcorn she sells to the amount of money she makes. However, Fitz will make more
money, if they sell the same amount of bags, because he starts with $8.
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2.1c Homework: Proportional Relationships as Linear Relationships

1. Nate and Landon are competing in a 5 minute long Hot Dog eating contest. Nate has a special strategy to
eat 4 hot dogs before the competition even begins to stretch out his stomach. The graph below represents
what happened during the competition.

Y4 Hot Dog Eating Contest
15
14
< 13
3 12 /
8 1 s
o 10
A
T o
g 8 7
o 7 v
o at /
Q 6 o
w 5 1
4 | andpn
3 ,/
2 /Z
N
0 5,

1. 2. 3
Time (minutes)
a. Compete the tables where t = time in minutes and h= number of total hotdogs consumed.

Landon Nate
t h h | h h
t t
0 0 0 0 4 o
1 2.5 2.5 1 55 55
) 5 25 5 - 35
3 75 2.5 3 8.5 22
4 10 2.5 4 10 2.5
5 125 25 5 115 2.3

b. Determine the rate of change (the number of hot dogs consumed per minute for each boy).
Landon eats 2.5 hotdogs per minute.
Nate eats 1.5 hotdogs per minute.

c. Write an equation that represents the number of hotdogs h for each boy after t minutes.

Landon: h=2.5t Some students may write their equation as
_ 3 h=1.5t+4. Ask them if this is the same thing
Nate: h=4+1.5t as h=4+1.5t.

d. For which person, Landon or Nate, is the relationship between time and number of hot dogs eaten
proportional?? Justify your answer.
Landon exhibits a proportional relationship because there is a proportional constant (2.5) that relates
the number of hotdogs he eats to the amount of time that has gone by. Also the graph for Landon
goes through the origin indicating a proportional relationship.
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2. During her Tuesday shift at Sweater Barn, Fiona sells the same amount of sweaters per hour. Two hours
into her shift Fiona has sold 8 sweaters.

a. Find and describe the rate of change for this relationship.

The rate of change for this relationship is 4 sweaters sold every hour.

b. Complete the table given below where x is the number of hours worked and y is the total number of
sweaters sold.

X y
0 0
1 4
2 8
3 12
c. Graph the relationship on the grid below.
Sweaters Sold o
20
/
18 717
16 /
7/
14 717
12 /-
/
10 717
7/
7

8
72
4 4
2

'
0 1 2 3 4 5 6 7 8 9 10 Hours

d. Write an equation that represents the relationship between the number of hours Fiona works(x) and
the amount of sweaters she sells(y).

Equation: y =4x

e. Does this represent a proportional relationship? Explain how you know.
This is a proportional relationship because the proportional constant is 4 and when the relationship is
graphed, it is a straight line going through the origin.
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3. On Saturday Fiona gets to work 15 minutes early and sells three sweaters before her shift even begins.
She then sells 4 sweaters every hour for the rest of her shift.

a. Find and describe the rate of change for this relationship. X y
The slope for this relationship is 4 sweaters sold for every hour
worked. (hours) | (sweaters
sold)
b. Complete the table that represents this relationship. See table. 0 3
c. Graph this relationship on the same coordinate plane as Tuesday’s 1 7
information on the previous page. See graph on previous page.
2 11
d. Write an equation that represents the relationship between the number 3 15

of hours Fiona works(x) and the amount of sweaters she sells(y).
Equation: y =3+4x

e. Does this represent a proportional relationship? Explain how you know.
This does not represent a proportional relationship, there is not a proportional constant and when
graphed the line does not go through the origin.

f. Compare the rate of change of both of the lines on the previous page by highlighting the change on
the graph. What do you notice? The rate of change for both of the lines is 4.

4. Nayala bought 5 pounds of mangos for $6.25.
a. What is the price per pound for the mangos that she bought?
The mangos cost $1.25 per pound.

b. Which line below, A, B, or C, represents the cost in dollars(y) to weight in pounds(x) relationship?
Cost (dollars) o A B

I Point out to students that
/ part a. is describing a

/ unit rate; often when
// referring to cost this is
/ called a unit price. You
might ask students to
give a possible
explanation for lines A

/
o
/
I (3,/3.76) C | and C as well.
I/

6.2b) y

'

0 '\Neight (pounds)
Line B represents the cost to weight relationship for Nayala’s mangos.
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2.1d Self Assessment: Section 2.1

Consider the following skills/concepts. Rate your comfort level with each skill/concept by checking the box that
best describes your progress in mastering each skill/concept. Sample criteria are provided along with sample
problems for each skill/concept on the following page.

Skill/Concept Minimal Partial Sufficient Substantial
Understanding Understanding | Understanding | Understanding
1 2 3 4
1. Graph and write I can correctly I can correctly I can correctly I know how to

equations for a
proportional relationship
and identify the
proportional constant or

answer only 1 of
the three parts of
the question.

answer 2 of the
three parts of the
question.

answer all three
parts of the
question but

cannot explain

find the unit rate
for both Callie

and Jeff and state

what the unit rate

unit rate given a table, my answers. is describing. |
equation, or contextual can accurately
situation. label the graphs
and
write an equation
that represents
the amount of
money earned in
relationship to
the number of
papers each
See sample problem #1 person delivered.
2. Compare proportional I do not know I can find the unit | can find the I can find the
relationships represented how to compare | rate for only one | unit rate for each | unit rate for each
in different ways. these proportional relationship. relationship relationship

See sample problem #2

relationships.

represented and
then compare the
unit rates to
determine who
makes more
money.
| do not know
how to make a
third
representation
for someone who
makes more
money than
Addy and
Rachel.

represented and
then compare the
unit rates to
determine who
makes more
money.
| can also create
a third
representation
for someone who
makes more
money than
Addy and
Rachel.
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Skill/Concept Minimal Partial Sufficient Substantial
Understanding Understanding | Understanding | Understanding
1 2 3 4
3. Know that the graph of a | | might be able to | can make a I can make a I can make (and
proportional relationship make a graph of | graph that show’s | graph that shows | clearly label) a

goes through the origin.

See sample problem #3

Jeff’s savings but
I do not know
how it relates to
the other graph.

Jeff’s savings but
I don’t know how
it relates to the
other graph.

Jeff’s savings. I
can discuss some
of the
similarities and
differences
between the two
graphs.

graph that shows
Jeff’s savings. |
can discuss the
similarities and
differences
between the two
graphs including
a discussion
about
proportionality
and slope.

Sample Problem #1

Callie and Jeff each have a job delivering newspapers. Jeff gets paid $140 dollars for delivering 350 papers.
Callie gets paid $100 for delivering 200 papers.

a. Find the unit rate for each person. Be sure to state what the unit rate is describing.
Callie: Callie earns $0.50 per paper delivered or Callie delivers 2 papers for every dollar she makes.

Jeff: Jeff earns $0.40 per paper delivered or Jeff delivers 2.5 papers for every dollar he makes.

b. The graph given below shows the money earned to papers delivered relationship. Label which line

represents each person.

' 8

160

140

120

100

b 12

80

60

pauJed siejjoq

40

20

vt

0 40 80 120 160 200 240 280 320 360 400
Number of Papers Delivered

c. Write an equation that represents how much each person earns if x is the number of papers they deliver
and y represents how much money they make.

Callie: y = 0.50x

8WB?2 - 35
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Sample Problem #2
Below is a table of how much money Rachel earns on her paper route. She gets paid the same amount of money
per paper delivered.

Number of Papers Money
Delivered Earned

75 $36

150 $72

225 $108

The equation below represents how much money Addy makes delivering papers. In the equation p represents
the number of papers delivered and d represents the money earned.
d = .45p
a. Who makes more money? How do you know?
The unit rate for Rachel is $0.48 for every paper delivered. The unit rate for Addy is $0.45 for every
paper delivered. Thus Rachel makes more money.

b. Create a representation for someone who delivers papers and makes more than both Addy and Rachel.
Answers will vary.

Sample Problem #3

The graph provided below shows the amount of money that Jeff earns delivering papers. Suppose that Jeff had
$75 dollars in savings before he started his job of delivering newspapers. Jeff saves all of his money earned
from delivering newspapers. Graph this relationship below where x is the number of papers he delivers and y is
the amount of money he has in savings. Correctly label each line has Total Savings and Money Earned.

DoIIarsA

160 - 7

140 /
['gtal Savinig; /'7

120 7 / /
100 1~
sl Y/
60 A
40 A~
20+~
.//

'
L
0 40 80 120 160 200 240 280 320 360 400 Number of Papers Delivered

How does the savings line compare to his money earned line? Be sure to discuss the proportionality of each
graph. Both lines have the same rate of change. The rate of change is $.40 per hour; however Jeff’s total savings
graph does not show a proportional relationship.
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This self-assessment is meant to be used as a formative assessment and is one way to assess how students are
doing toward mastery of the skills and concepts in a particular section. Teachers should guide students through
this self-assessment by asking probing questions of the students. This is also a resource for teachers to analyze
to assess whether the class as a whole is ready to move on or not.

There are many ways that you can use this self assessment. For example, you could have students complete
each example problem and use it as a quiz. Tell your students to read each Skill or Concept and answer the
corresponding problem that relates to the skill. Then grade the quiz together as a class. At this point have
students rate their mastery level based off of how they performed on the quiz using the rubric. Come up with the
criteria for the rubric together as a class. Some sample criteria are provided.

Another way to use this Student Assessment is to break it into parts. For example, to assess a student’s
understanding of the first skill/concept in the chart above, at the end of the class period a teacher may present
the class with a table of values, graph, or story and ask students to write the proportional constant on a sticky
note. After writing their name on the back of the sticky note students stick their notes to the door as they leave
class. A quick glance at the notes is a formative assessment as to the understanding of the class as a whole. The
teacher can assess individual needs by pulling off the notes with the wrong answers and looking at the name on
the back.

For the second skill/concept above, give each member of a group a proportional relationship represented in a
different way. Ask them to compare the proportional constant or unit rate for their relationship with the other
members of their group. Then order the constants from least to greatest by putting themselves in order.

A similar process can be used to formatively assess all of the skills/concepts in this section.
Note: This self assessment can be used as a valuable tool to communicate with parents about what

skills/concepts their students are mastering. You could include it in a Parent Teacher Conference folder. It can
also be a guide to indicate what a student needs to work on for intervention and remediation.
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Section 2.2: Linear Relations in Pattern and Context

Section Overview:

In this section, students start by writing rules for linear patterns. They use the skills and tools learned in Chapter
1 to write these equations. Students connect their rules to the geometric model and begin to surface ideas about
the rate of change and initial value (starting point) in a linear relationship. Students continue to use linear
patterns and identify the rate of change and initial value in the different representations of a linear pattern (table,
graph, equation, and geometric model). They also begin to understand how linear functions change. Rate of
change is investigated as students continue to interpret the parameters m and b in context and advance their
understanding of a linear relationship. Students move fluently between the representations of a linear
relationship and make connections between the representations. This conceptual foundation will set the stage
for students to be able to derive the equation of a line using dilations in section 2.3.

Concepts and Skills to Master:

By the end of this section, students should be able to:
1. Write rules for linear patterns and connect the rule to the pattern (geometric model).

2. Understand how a linear relationship grows as related to rate of change and show how that growth can
be seen in each of the representations.

3. Create the additional representations (table, graph, equation, context, geometric model) of a linear
relationship when given one representation and make connections between them.

4. ldentify the rate of change and initial value of a linear relationship in the table, graph, equation, context,
and geometric model of a linear pattern.
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2.2a Class Activity: Connect the Rule to the Pattern
n+ ]88
2l 0

Linear relationships can be used to illustrate many patterns. The patterns in the problems below exhibit linear
relationships.

1. Use the pattern below to answer the questions that follow.

— — Teacher Note: It really helps to have colored
] ] ] pencils during this activity. Students can use
| [ ] [ 1] the colored pencils to connect the way they
Stage 1 Stage 2 Stage 3 see the pattern growing to their equation (see
below for examples of this color coding).

a. Draw the figure at stage 4 in the space above. How did you draw your figure for stage 4 (explain or
show on the picture how you see the pattern growing from one stage to the next)?
Answers will vary (see below for a few ideas). If students are stuck on this question, probe them to
tell you how they knew how to draw stage 4. Some responses may be: “I drew the previous stage
and added 1 block to each end.” “I drew the corner square and realized that stage 4 would have
four blocks on each arm attached to the corner block.” If they continue to struggle, ask them to
draw stage 5 for you, explaining to you how they draw it.

b. How many blocks are in stage 4? Stage 10? Stage 100? Stage 4 has 9 blocks. Students will most
likely find the number of blocks in stage 10 (21) by adding two until they reach stage 10 or
creating a sequence or table. Some may draw out all the stages and you may want to ask if that is
an efficient way of finding the total number of blocks for stage 10 (201). If students are using one
of the methods mentioned they will run into difficulty finding the number of blocks in stage 100 -
this gives purpose to finding an equation that relates the number of blocks to the stage number.

c. Write a rule that gives the total number of blocks t for any stage s. Show how your rule relates to
the pattern (geometric model).

The answer to question 1 (how The rule for this way of seeing the pattern is
students drew the figure in stage 4) t=1+2s
will help students to come up with a | The student is seeing the corner block plus 2 groups of s.
rule. Here is one way students If students have a difficult time coming up with the rule,
might see the pattern. have them write it out numerically:
1+2(1) for stage 1
1+2(2) for stage 2
1+2(3) for stage 3
1+2(4) for stage 4
1+2(100) for stage 100
t =1+ 2s for stage s
Stage 1 Stage 2 Stage3 | To think about: How would a student see the pattern if
their rule was 1+s(2) - the corner block plus s groups of
2.
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d. Try to think of a different rule that
gives the total number of blocks t
for any stage, s. Show how your rule
relates to the pattern (geometric
model).

The rule for this way of seeing the pattern is
t=2(s+1)—-1

The student is seeing the 2 groups of (s + 1) and

subtracting out one block because they counted the

corner block twice. If students have a difficult time

coming up with the rule, have them write it out

\ numerically:
. \ 2(2)-1 for stage 1
| ~ m— 2(3)-1 for stage 2
2(4)-1 for stage 3
Stage 1 Stage 2 Stage 3 2(5)-1 for stage 4

2(s +1) — 1 for stage s

To think about: How would a student see the pattern if
their rule was (s+1) + (s)?

Monitor students while they are coming up with rules and ask a few students with different rules to
present. When doing this, it saves a lot of time to have the pattern drawn up on chart paper several times
so that students don’t waste time drawing the pattern. After a few different rules are on display, ask
students how we can have different rules for the same pattern. Lead them to simplify all of the
expressions to see that they are equivalent.

Note: The term “rule” is used deliberately to describe how this pattern grows. In chapter 5 as students
study functions they will define a function with a rule that relates the inputs to outputs.

e. Use your rule to determine the number of blocks in stage 100.
201

f.  Use your rule to determine which stage has 25 blocks.
12

g. Draw or describe stage 0 of the pattern. How does the number of blocks n in stage O relate to the
simplified form of your rule?

[l
Stage 0

It is the number of blocks in stage 0 (the number of blocks the pattern starts with). In the simplified
form of the rule, it is the constant.
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2. Use the pattern below to answer the questions that follow.

[] | | [ ] [ | L[] [ 1|
Stage 1 Stage 2 Stage 3 Stage 4

a. Draw the figure at stage 5 in the space above. How did you draw your figure in stage 5 (explain or
show on the picture how you see the pattern growing from one stage to the next)?
Answers will vary (see below for a few ideas). If students are stuck on this question, probe them
to tell you how they knew how to draw stage 4. Some responses may be: “I added a block to the
end of each leg.” “I saw the middle square and drew three legs each with 4 blocks coming off the
middle square.”

b. How many blocks are in stage 5? Stage 10? Stage 100?
Step 5 has 13 blocks. Students will most likely find the number of blocks in stage 10 (28) by
adding 3 until they reach stage 10 or creating a sequence or table. Some may draw out all the
stages and you may want to ask if that is an efficient way of finding the total number of blocks for
stage 10. If students are using one of the methods mentioned they will run into difficulty finding
the number of blocks in stage 100 - this gives purpose to finding an equation that relates the
number of blocks to the stage number.

c. Write a rule that gives the total number of blocks t for any stage, s. Show how your rule relates to
the pattern (geometric model).

The rule for this way of seeing the pattern is

t=1+3(s-1)
The student is seeing the middle block plus 3 groups
Il & of —1 . If students have a difficult time coming up
with the rule, have them write it out numerically:

Stage 1 Stage 2 Stage 3 1+3(0) for stage 1
1+3(1) for stage 2
1+3(2) for stage 3
1+3(3) for stage 4
1+3(99) for stage 100
1+ 3(s—1) for stage s
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d. Try to think of a different rule
that gives the total number of
blocks t for any stage, s. Show
how your rule relates to the
pattern (geometric model).

s o

Stage 1 Stage 2 Stage 3

The rule for this way of seeing the pattern is
t=(G6—-1D+s+(s—-1)

The student is seeing the base as comprised of the the

previous stage number (s — 1) + current stage number s.

The vertical column is comprised of the previous stage

number (s — 1).

If students have a difficult time coming up with the rule,

have them write it out numerically:

0+1+0 for stage 1

1+2+1 for stage 2

2+3+2 for stage 3

3+4+3 for stage 4

99+100+99 for stage 100

Stage 4 (s—1)+s+ (s—1) forstage s

Then probe them to think about finding the number of

blocks in the 10" stage? 100" stage? any stage s?

For part d above, point out that rules can often be stated or described differently and achieve the same
intended result. Give them an example of how this is done with algebraic expressions that appear to be
written differently that simplify to the same expression.

Monitor students while they are coming up with rules and ask a few students with different rules to
present. When doing this, it saves a lot of time to have the pattern drawn up on chart paper several
times so that students don’t waste time drawing the pattern. After a few different rules are on display,
ask students how we can have different rules for the same pattern. Lead them to simplify all of the
expressions to see that they are equivalent.

e. Use your rule to determine the number of blocks in Stage 100.

298

f.  Use your rule to determine which stage has 58 blocks.

20

g. Draw or describe stage O of the pattern. How does the number of blocks in stage O relate to the

simplified form of your rule?

This is more difficult to conceptualize. If we think about going back from step 1 to step 0, we see
that we have to take away three blocks, thus leaving us with -2 blocks.

Encourage students to articulate and show how they see these “negative” blocks. One way to think
about this in the geometric model is to think of the three blocks that make up the arms as negative
blocks (or blocks that take away from the total number of blocks in the model).

i

Stage 0

It is the number of blocks in step 0 (the number of blocks the pattern starts with). In the simplified

form of the rule, it is the constant.
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2.2a Homework: Connect the Rule to the Pattern

1. Use the pattern below to answer the questions that follow.

It would be valuable to have students
present their rule and how it connects to
the geometric pattern.

Stage 1 Stage 2 Stage 3

a. Draw the figure at stage 4 in the space above. How did you draw your figure in stage 4 (explain or
show on the picture how you see the pattern growing from one step to the next)?

b. How many blocks are in stage 4? Stage 10? Stage 100?
Stage 4: 13; Stage 10: 31

c. Write arule that gives the total number | The ryle for this way of seeing the pattern is
of blocks t for any stage s. Show how t=1+s(3)
your rule relates to the pattern The student is seeing the top block (1) + s groups of 3
(geometric model). If students have a difficult time coming up with the
rule, have them write it out numerically:
1+1(3) for stage 1

1+2(3) for stage 2
1+3(3) for stage 3
L 1+4(3) for stage 4
Stage 1 Stage Stage 3 1+100(3) for stage 100
1+s(3) for stage s

d. Try to think of a different rule that gives the total number of blocks t for any stage, s. Show how
your rule relates to the pattern (geometric model).

The rule for this way of seeing the pattern is
t=s+(G+1)+s

Stage 1 Stage 2 Stage 3

e. Use your rule to determine the number of blocks in stage 100. 301
f.  Use your rule to determine which stage has 28 blocks. Stage 9

g. Draw or describe stage 0 of the pattern. How does the number of blocks in stage O relate to the
simplified form of your rule? I:I
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2. Use the pattern below to answer the questions that Some students may have seen this pattern
follow. as being very similar to #2 in class. They
may realize that they can use their rule from

— #2 in class and determine an expression to
[] ] ] add on that represents the number of blocks
in the bottom leg.

Stage 1 Stage 2 Stage 3

a. Draw the figure at stage 4 in the space above. How did you draw your figure in stage 4 (explain or
show on the picture how you see the pattern growing from one stage to the next)?

b. How many blocks are in stage 4? Stage 10? Stage 100? stage 4 = 13, stage 10 = 37

c. Write a rule that gives the total number of blocks t for any stage, s. Show how your rule relates to
the pattern (geometric model).

The rule for this way of seeing the pattern is
] t=1+(s—1)4
The block in the middle + (s — 1) copies of 4

Stage 1 Stage 2 Stage 3

d. Try to think of a different rule that gives the total number of blocks t for any stage, s. Show how
your rule relates to the pattern (geometric model).

The rule for this way of seeing the pattern is
t=2(s—1)+s+(s—-1)

[]

Stage 1 Stage 2 Stage 3

e. Use your rule to determine the number of blocks in stage 100.
397
f. Use your rule to determine which stage has 37 blocks.
Stage 10
g. Draw or describe Stage 0 of the pattern. How does the number of blocks in stage O relate to the
simplified form of your rule?
Similar to #2 from the classwork, if we think about going back from stage 1 to stage 0, we see that
we have to take away four blocks, thus leaving us with -3 blocks.
One way to think about this in the geometric model is to think of the three blocks that make up the
arms as negative blocks (or blocks that take away from the total number of blocks in the model).

% Extension: Compare this pattern to pattern 2 in class. How are the patterns the same

e and how are they different? How is the difference reflected in the rules? Will the two
patterns ever have the same number of tiles?
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2.2b Class Activity: Representations of a Linear Pattern

- g
r

1. You studied this pattern in the previous lesson. Use your work from the previous lessons to answer the
questions that follow.
l

El [] [

Stage 1 Stage 2 Stage 3

a. How many new blocks are added to the pattern from one stage to the next? 2

b. Complete the table. #of
c. Show where you see the rate of change in your table. St(f;\?e Blocks
(t)
Showing the rate of changes on a table this way is a 1 1 8 +2
difference column. Students will use this skill 2 5
throughout high school to observe how different r1 3 7 +2
functions grow so that they can write functions to 1 +2
model real world situations. " 4 9
j 5 11 +2
d. Create a graph of this data. Where do you see the rate of change on your graph?
yAk
z 14 Many students will draw a continuous graph
3 12 even though this is a discrete situation. This is
g 10 / not the focus of this lesson but you can
= / discuss this if you feel it is appropriate.
m 8 +P Students will expand their understanding of
8 discrete functions when they study sequences
= 6 TF i
Z An in Secondary 1.
2

v

0 2 4 6 8 10 12 14
Stage

e. What is the simplified form of the equation that gives the number of blocks t for any stage s (see
previous lesson)? Where do you see the different pieces of the equation in the geometric model,
table, and graph? t = 2s + 1
Help students to connect the 2 in the equation to the slope on the graph, the difference column on the
table, and the new blocks being added to the pattern from one stage to the next. Help students to
connect the 1 in the equation to the y-intercept on the graph. Ask what we would have to do to see
the y-intercept in the table and in the geometric pattern.

f. The pattern above is a linear pattern. Describe how a linear pattern grows. Describe what the graph
of a linear pattern looks like.
There are many ways to describe how a linear pattern grows: constant rate of change, equal
differences over equal intervals, first difference in the table is constant. The graph is a line.
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2. You studied this pattern in the previous lesson. Use your work from the previous lesson to answer the

uestions that follow.
| N
| B
[] I!l | || . W [
Stage 1 Stage 2 Stage 3 Stage 4

a. How many new blocks are added to the pattern from one stage to the next? 3

b. Complete the table. #of
Stage
_ (s) Blocks

c. Show where you see the rate of change in your table. ()
1 1 3
2 4 +3

3 7
+3

4 10
5 | 13 +3

d. Create a graph of these data. Where do you see the rate of change on your graph?

yAk

14
12
10

s20|g JO JaquinN

8
6
4 ®
2

B >

0 2 4 6 8 10 12 14
Stage

e. What is the equation that gives the number of blocks t for any stage s (see previous lesson)? Where
do you see the different pieces of the equation in the geometric model, table, and graph?
t=3s—2
Help students to connect the 3 in the equation to the slope on the graph, the difference column on
the table, and the new blocks being added to the pattern from one stage to the next. The y-
intercept will not be as transparent in this pattern. Extend the graph and table back to step 0 to
see the y-intercept in these representations.

f. Is this pattern a linear pattern? Use supporting evidence from each of the representations to justify

your answer.
Yes, all models show a constant rate of change. Geometric Model: same number of blocks

added each time; Table: the first difference is constant; Graph is a straight line.
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3. Describe what you see in each of the representations (geometric model, table, graph, and equation) of a
linear pattern. Make connections between the different representations.
Students will have many different ways of answering these questions. Accept all that express the ideas
clearly.

Geometric Model:

The same number of blocks is added to the figure each time to get from one stage to the next.
This shows a constant rate of change. Students can think about this recursive process as now =
previous + 3. Students may also just show arrows above the pattern, annotating the +3 every

time.
At this point we are really

Table: beginning to investigate the
conceptual understanding of a

In the table, the first difference is constant. linear relationship by looking at
how it is developed. In other
words our desired outcome (y) is
obtained by starting with an

Graph: initial value (y-intercept) and
then adding our rate of change

The constant rate of change makes a straight line times x.

when graphed.

Equation:

y = mx + b (While students may not make the connection to the general form of a linear
equation they may be able to communicate the different pieces as a constant/y-intercept/initial
value + rate of change(x).)

You may also want to include that it is a first degree equation depending on where students are
at with grasping the general form.

They will expand on their understanding of the form of a linear equation in the sections that
follow.
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2.2b Homework: Representations of a Linear Pattern

1.

You studied this pattern in the previous lesson. Use your work from the previous lesson to answer the
questions that follow.

Stage 1 Stage 2 Stage 3

a. How many new blocks are added to the pattern from one stage to the next? +3

b. Complete the table.
# of Blocks

t
c. Show where you see the rate of change in your ®
table. 1 4

-
10
13
16

Stage (s)

gl

d. Create a graph of this data. Where do you see the rate of change on your graph?

Ya
= 14
c
3 12
&
= 10
o
=
w 8
8
=k 6
w
419
2

v

0 2 4 6 8 10 12 14
Stage

e. What is the equation that gives the total number of blocks t for any stage s (see previous lesson)?
Where do you see the different pieces of the equation in the geometric model, table, and graph?
t=3s+1

f. Is this pattern a linear pattern? Use supporting evidence from each of the representations to justify
your answer.
Yes
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2. You studied this pattern in the previous lesson. Use your work from the previous lesson to answer the
questions that follow.

[] LI [ ]

Stage 1 Stage 2 Stage 3

a. How many new blocks are added to the pattern from one stage to the next? 4

b. Complete the table.

Stage BTOCC):];(S
c. Show where you see the rate of change in your table. (s) (t)
1 1
2 5
3 9
4 13
5 17

d. Create a graph of this data. Where do you see the rate of change on your graph?

Ya
14
Z 12
5
= 10
2 . 2
o 8
—
W 6
S
X 4
w
2
1 >
0 2 4 6 8 10 12 14

Stage

e. What is the equation that gives the total number of blocks t for any stage s (see previous lesson)?
Where do you see the different pieces of the equation in the geometric model, table, and graph?
t=4s—-3

f.  What do you notice about this pattern? Use supporting evidence from each of the representations to
justify your answer.
The pattern is linear. There is a constant rate of change found in the table and the graph is a
straight line.

8WBZ - 49 ©2014 University of Utah Middle School Math Project in partnership with the
Utah State Office of Education. Licensed under Creative Commons, cc-by.



3. Create your own geometric model of a linear pattern in the space below. Then complete the table,
graph, and equation for your pattern. Use these representations to prove that your pattern is linear.

B850

Answers will vary.

You may wish to select a few patterns and present them to the class (or post them in the room) and have
students write a rule and connect their rule to the pattern as they did in section 2.1a. You may also have
students decide whether they agree that the patterns created by their classmates are linear.

yAk
# of
St(c';\)ge Blocks 14
(t) > 12
1 c
3 10
2 @ 8
o
3 © 6
4 9)
QL 4
5 < 5
0 2 4 6 8 10 12 14
Stage
Equation:

Prove that your pattern is linear using the representations (geometric model, table, graph, and equation)
as evidence.

4. Draw or describe a pattern that can be represented by the equation t = 1 4+ 6s where t is the total
number of blocks and s is the stage
Answers will vary.

You may wish to select a few patterns and present them to the class (or post them in the room) and have
students decide whether they agree that the pattern fits the rule n = 1 4+ 6s and to justify their responses
using concepts learned in these first two sections.
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2.2c Class Activity: Representations of a Linear Context

r L 4
n#
1. Courtney is collecting coins. She has 2 coins in her collection to start with and plans to add 4 coins
each week.

a. Complete the table and graph to show how many coins Courtney will have after 6 weeks.

This is a great opportunity to talk to students about scaling the axes of the graph and to make sure they
understand how changing the scale to something other than one will need to be considered when finding
the rate of change on the line.

Ya
28 Time # of
(weeks) | Coins
24 / 0 2
z / 1| 6
% 20 / 2 10
S 16 3 | 1
S / 4 18
3 12 5 22
8 / 6 26

7
t ;

0 2 4 6 8 10 12 14
Time (weeks)

b. Write an equation for the number of coins ¢ Courtney will have after w weeks.
c=2+4w

c. Isthis context linear? Use evidence from the context, graph, table, and equation to support your

answer.
Yes. Context — add four coins each week(constant rate of change); Graph is a line; Table —
constant difference of 4 in the difference column; Equation: y = mx + b (while students may not
make the connection to the general form of a linear equation they may be able to communicate
the different pieces as a constant/y-intercept/initial value + slope/(x)

A numeric representation of the this relationship may help guiding the students to abstract the

equation. See examples below.

0=2+0(4) Some students may need it broken down

1=2+1(4) even more.
2=2+2(4) 0=2=2+0(4)
3=2+3(4) 1=2+4=2+1(4)
W =2+ w(4) 2=2+4+4=2+2(4)

3=2+4+4+4=2+3(4)
w=2+w(4)
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Jack is filling his empty swimming pool with water. The pool is being filled at a constant rate of four
gallons per minute.

a.

(suojeh) 1a1epA

Complete the table and graph below to show how much water will be in the pool after 6 minutes.
Ya . Amount
Time
(minutes) of Water
28 (gallons)
0 0
> 2 / 2 8
= 3 12
>
s '° / 4 16
12 / 5 20
6 24
s
H
0/24_6_8 101214:X
Time (minutes)
Write an equation for the number of gallons g that will be in the pool after m minutes.
g =4m
Is this context linear? Use evidence from the context, graph, table, and equation to support your
answer.
Yes. Context — constant rate of 4 gallons per minute; Graph is a line; Table — constant difference
of 4 in the difference column; Equation: The equation is of the form y = mx + b.
It may also be nice to remind students that this is a proportional relationship and ask them why.
Compare this swimming pool problem to the previous problem about coins. How are the problems
similar? How are they different?
The rate of change is 4 in both problems; however in the coin problem the initial value is 2 while
in the swimming pool problem the initial value is 0.
How would you change the coin context so that it could be modeled by the same equation as the
swimming pool context?
Start with 0 coins in the collection.
How would you change the swimming pool context so that it could be modeled by the same

equation as the coin context?
Start with 2 gallons of water in the pool
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3. Anairplane is at an elevation of 3000 ft. The table below shows its elevation(y) for every 2 miles(x) it

travels.

+2

+2

Miles Elevation
0 3000
2 2000
4 1000

a. Complete the graph to show how many miles it will take for the airplane to reach the ground.

Elevation
Ask students to think about how 3000
we can denote that the plane is
going down. This will bringupa 500
negative rate of change. It is
correct to say the plane is
descending at a rate of 1000 feet {2000
per mile OR that the rate of
change is -1000 feet per mile. It is
NOT correct to say that the plane {1500
is descending at a rate of -1000
feet per mile.
1000
500
0

h

It is important to point out

that the difference columns
for the table above must be
looked at critically. In order

to communicate clearly
about the rate of change you

need make sure that you
note the change in the x
values as well as the change

of the y values. If you want
to describe the change in
elevation per mile and the x

values in this table are
changing by 2 the difference
in the y values must be cut

in half.

'

2

4 5 6
According to the graph it will take 6 miles to reach the ground.

b. Use the table and the graph to find the rate of change.
The rate of change is -500 ft per mile.

c. Write an equation that represents this relationship

y = —500m + 3000

L
10 "Miles

d. Explain the how equation can be used to determine how many miles it will take for the plane to

reach the ground.

The ground would be an elevation of 0 so if you plug 0 into your equation for y and solve for x you

will get 6 miles.
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2.2c Homework: Representations of a Linear Context

1. Hillary is saving money for college expenses. She is saving $200 per week from her summer job.
Currently, she does not have any money saved.

a. Complete the table and graph to show how much money Hillary will have 6 weeks from now.

Amount Amount Saved a
Time Saved
(weeks)
(dollars) 2800
0 0
1 200 2400
2 400 2000
3 600
4 800 1600
5 1000 1200
6 1200
800
400

0 2 4 6 8 10 12 14 Time (weeks

b. Write an equation for the amount of money m Hillary will have saved after w weeks if she
continues saving at the same rate.
m = 200w

c. Isthis context linear? Use evidence from the context, graph, table, and equation to support your
answer.
Yes. Context — 200 dollars per week; Graph is a line; Table — constant difference of 200 in the
difference column; Equation: y = mx + b
Students should be starting to recognize how to write the equation for a line when you are given
the rate of change (slope) and initial value or starting point (y-intercept).

Extension Question: If Hillary continues saving at this rate, how long will it take her to have $3,000?
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The cost for a crew to come and landscape your yard is $200 per hour. The crew charges an initial fee
of $100 for equipment.

a. Complete the table and graph below to show how much it will cost for the crew to work on your
yard for 6 hours.

Dollars 4
Time Cost
(hours) | (dollars) 1400
0 100
5 500 1200 /
6 1300
800

600 //
400

200

0 1 2 3 4 5 6 7 8 9 10 Hours

b. Write an equation for the cost ¢ of landscaping for h hours.
¢ =100 + 200h
c. Isthis context linear? Use evidence from the context, graph, table, and equation to support your
answer.
Yes. Context — 200 dollars per hour; Graph is a line; Table — constant difference of 200 in the
difference column; Equation: y = mx + b
Students should be starting to recognize how to write the equation for a line when you are given
the rate of change (slope) and initial value (y-intercept).
d. Compare this landscaping problem to the problem with Hillary’s savings. How are the problems
similar? How are they different?
The rate of change is 200 in both problems; however in Hillary’s savings the initial value is 0 and
in the landscaping problem, the initial value is 100.
e. How would you change the savings context so that it could be modeled by the same equation as
the landscaping context?
Hillary would have $100 in her bank account to start.
f. How would you change the landscaping context so that it could be modeled by the same equation
as the savings context?
The crew would not charge an initial fee of $100 for equipment — they would only charge an
hourly fee of $200.
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3. Lindais always losing her tennis balls. At the beginning of tennis season she has 20 tennis balls. The
table below represents how many balls she has as the season progresses; where x represents the
number of weeks and y represents the number of tennis balls.

Weeks

Number
of tennis
balls

20

16

12

Ol (IN|IO

8

£

a. Complete the graph to show how many weeks will pass until Linda runs out of balls.

Balls

£

18—

16 ——

14

o

N

0 1

b. Use the table and the graph to find the rate of change.

2 3 4

The unit rate is -2 tennis balls per week.

5

c. Write an equation that represents this relationship.

y=-2x+20

7

8 9 10 Weeks

d. Explain how to use the equation to determine how many weeks will pass until Linda runs out of

balls.

The number of tennis balls is represented by the y values so if you substitute 0 in for y into your
equation and solve for x you get 10 weeks.
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2.2d Class Activity: Rate of Change in a Linear Relationship

Explore and investigate the rate of change in linear relationships below.

1. The graph below shows the distance a cat is from his bowl of milk over time. Which sentence is a good

match for the graph?

A. The cat was 12 feet away from the milk and ran toward

it reaching it after 4 seconds.

B. The cat was 4 feet away from the milk and ran toward think about direction in

it reaching it after 12 seconds.

C. The cat ran away from the milk at a rate of 3 feet per

nd. going up and if the line is
going down.
D. The cat ran away from the milk at a rate of 4 feet per Also discuss the

second.

E. The cat was 12 feet away from the milk and ran away

from it at a rate of 4 feet per second.

Distance in feet
VN

(4,12)
Students can begin to

this problem. Ask
students to interpret what
it means if the line is

possibility of a negative
rate of change.

'Y
0 Ld
Time in seconds

2. Write everything you can say about the cat and the distance he is from the milk during this time.
The cat starts at the bowl of milk. After 4 seconds he is 12 feet away from the milk. He travels at a rate

of 3 ft per second.

Time Distance
. . (seconds) (feet)
3. Create a table at the right which also tells the story of the graph. 0 0
See table
1 3
2 6
4. s this a proportional relationship? Justify your answer. i 192

Yes, the proportional constant is 3 feet per second.

5. Find the unit rate in this story.
The cat travels 3 feet per second.

Creating the table forces the student to find the rate of
change if they have not done so already.
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6. Sketch a graph for each of the four stories from number 1 on the previous page which you didn’t choose.
Label the graphs by letter to match the story. Find the rate of change for each story as well.

Encourage students

to label the
pairs on the

brdered
r graph,

as this is another

way of label
graph.

ing a

feet o Story A
15
14
13
(U 1TF)
1 L]
e
10
9
8
M LY
6
5
4 \
3
2
y A dal dy
T \4}
0 2 3 56 7 8 9101112131415

Rate of change: -3 feet per second

seconds

feet o StOI’y B
15
14
13
12
11
10
9
8
7
6
[0
3 =
2 [~
1 — - Op
-~ a .

o

123456789101

131415 'seconds

Rate of change: -1/3 feet per second

feet“ StOI’yD
i 7

13 /

12 (B.11P)
11

/

1;) I

8

H

4

3

/
{oldy

o,

12345678 9101112131415

Rate of change: 4 feet per second

>
14

seconds

feet ,

1
1
1
1
1
1

16

6

Story E

5

4

3

D\

AN T

1

o =2 N WH OO N

N
1234567 8 9101112131415 '

seconds

Rate of change: 4 feet per second

Talk with students about how all of the graphs above are linear because they are a straight line and have a constant rate of change
Story D is a special linear relationship because it is also proportional. You can also talk about how the negative unit rates denote

that the cat is movina toward the milk.

7. Ababy was 9 feet from the edge of the porch. He crawled toward the edge for 6 seconds. Then his
mother picked him up a few feet before he reached the edge. Circle the graph below that matches this

story.

distance distance

6,9)

4
0 time?

distance ,

(0,2)

82

distance
This is the first time
that a context is
applied to a slope of
zero. Ask a student
to communicate how
this horizontal line
shows no movement.

time0

A
v

(0.9)

9.0

0

time

Ask students to volunteer possible stories for the others agraphs given above.

8WB?2 - 58

time

©2014 University of Utah Middle School Math Project in partnership with the
Utah State Office of Education. Licensed under Creative Commons, cc-by.




8. The graph and table below describe a runner’s distance from the finish line in the last seconds of the
race. Which equation tells the same story as the table and graph? Use the ordered pairs given in the table
to test your chosen equation and explain your choice.

distance 4
Time Distance
(seconds) | (meters)
0 42 (0.42)
1 35
2 28
3 21
4 14
5 7
6 0
a) y=7x+42 (6,0) ,
b) y=42-6x 0 time
d) y=42x+6
9. Create atable for this graph, _
distance 4
(3,23)
Time Distance
0 5
1 11
2 17
3 23
(0,5)
10. Write a story for this graph. See student answer.
>
0 time

11. Which equation matches your story, the graph and the table? Explain your choice.

b) y=5x+23
c) y=3x+5
d) y=5x+3
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2.2d Homework: Rate of Change in a Linear Relationship
Explore and investigate the linear relationships below.

1. The graph below shows the distance a mouse is from her cheese over time. Which sentence is a good
match for the graph?

Distance in inches

'S

A. The mouse is 8 inches away from the cheese, she sits
there and does not move.

. The mouse is 8 inches away from the cheese, she
ies towards it and reaches it after 4 seconds.

C. The mouse scurries away from the piece of cheese at a (0, 8)
rate of 2 inches per second.

D. The mouse scurries away from the piece of cheese at a
rate of 4 inches per second.

E. The mouse is 8 inches away from the piece of cheese
and scurries away from it a rate of 2 inches per second. 0 >
(4, 0) Time in seconds

2. Write everything you can say about the mouse and the distance she is from the cheese during this time.
The mouse is 8 inches away from her cheese. She scurries at a rate of -2 inches per second and reaches it
after 4 seconds.

3. Create a table at the right which also tells the story of the graph time distance
and your writing. (seconds) (inches)
See table 0 8

1 6

4. s this a proportional relationship? If so what is the proportional 2 4

constant? 3 2
4 0

No, there is not a constant ratio and the line does not go through the origin.
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5. Sketch a graph for the four stories from number 1 above which you didn’t choose in the space provided.
Label the graphs by letter to match the story. Find the rate of change for each story as well.

inches o Story A inches o Story C
15 15
14
13 -
12 12
" 11
" (D M 10
NS 9
’ ;
6
6
5
5
4
4
3
: >
1 R 1 AQL0
0 12345678 9101112131415 Seconds 0012345678 9101112131415 :Seconds
Rate of change: 0 inches per second Rate of change: 2 inches per second
inCheSA StOry D inches“ Story E
15 15
1: / 14
13
12 12
1 11
10 II 10

o
©

8 JAUB)
7
7

6 / :
5 5
‘; 4

I 3
fl/'\ N 2

\J,U . 1
0712345678 9101112131415 “secongs 0 T 23 4567 8 9101712131415 Taeeonds

Rate of change: 4 inches per second Rate of change 2 inches per second

6. Compare the rate of change with the steepness of each line above, how does the rate of change relate to
the steepness of the line?
The higher the rate of change is the steeper the line is. The smaller the rate of change the less steep the
line is.
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7. Triss opens a bank account and adds $25 to the account every week. Circle the graph below that matches
this story.

dollars dollars 4 dollars o dollars

(2,125) (0,125)

(0,50)
O

(5,50)

D (5.0)

N [ [

4 L4l 0 L4l 0
0 weeks weeks weeks weeks

8. Write a story for each of the remaining graphs above.
Sample answers are given.
Triss has $50 in her Triss adds $75 to her Triss has $125 in her
bank account. She does account every week. bank account, she takes
not take out or put in out $25 per week.
any money into her
account for 5 weeks.

Use the graph at the right to complete the following. Distance
) (4, 26)
9. Create atable for this graph,
Time Distance
0 6
1 11
2 16
3 21
4 26
10. Write a story for this graph. (0, 6)
Sample Answer- The lizard was 6 feet away from the rock, >
after 4 second he was 26 feet away from the rock. 0 Time

11. Which equation matches your story, the graph and the table?
a) y=5+6Xx
b) y=4x+26

) Y=5X+6>
d) y=6x+4
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2.2e Class Activity: More Representations of a Linear Context rl e’
m ’D r"* ar.x

Directions: In each of the following problems, you are given one of the representations of a linear relationship.
Complete the remaining 3 representations. Be sure to label the columns in your table and the axes on your

graph.
1. The State Fair
Context Table
You and your friends go to the state fair. It costs $6 to # of rides Cost
get into the fair and $2 each time you go on a ride. 0 6
Consider the relationship between number of rides and
total cost. 1 8
2 10
3 12
4 14
5 16
Graph Equation
Cost By the end of this section a student’s conceptual
4+ understanding of a linear relationship should be
solidified. They should be able to describe to
28 you the components of a linear relationship.
o4 That is that the desired outcome (y) is obtained
by starting with an initial value (y-intercept) and
20 then adding our rate of change times x or vice
versa. It is okay if you do not use the formal
16 term of Slope-Intercept Form. This will come
out after slope is more formally introduced. It is
12 sufficient at this point for a student to have a
conceptual understanding of the structure of a
8 linear relationship.
4 y=6+2x
, Extension Question: How many rides can you
0 2 4 6 8 10 12 14 ‘4ofRides | goon if you have $20?

a. What is the rate of change in this problem? What does the rate of change represent in the context?
+2; the cost per ride

b. What is the y-intercept of your graph? Where do you see the y-intercept in the table and in the
equation? What does the y-intercept represent in the context?
(0, 6); in table where x = 0 (have students star or circle this), on the graph at x = 0 rides (have
students star or circle this; in the context the y-intercept is the initial fee to get into the park (what
you will pay if you don’t ride any rides)

c. How would you change the context so that the relationship between total cost and number of rides
can be modeled by the equation y = 2x?
It is free to get into the park — you only have to pay 2 dollars for each ride you take.

d. How would you change the context so that the relationship between total cost and number of rides
can be modeled by the equation y = 6? It costs $6 to get into the park and the rides are free.
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2. Road Trip

Context Table
You are taking a road trip. You start the day with a Time Gas
full tank of gas. Your tank holds 16 gallons of gas. (hours) Remaining
On your trip, you use 2 gallons per hour. Consider (gallons)
the relationship between time in hours and amount 0 16
of gas remaining in the tank. 1 14
2 12
3 10
4 8
5 6
Graph Equation
Ya
28
24
@ 20
S y =16 —2x
=T 16
RS
£ 12
=
£ 8
L
L 4
o
0 2 4 6 8 10 12 14
Time (hours)

a. What is the rate of change in this problem? What does the rate of change represent in the context?
-2; you are using 2 gallons of gas per hour

b. What is the y-intercept of your graph? Where do you see the y-intercept in the table and in the
equation? What does the y-intercept represent in the context?
(0, 16); in table where x = 0 (have students star or circle this), on the graph at x = 0 hours (have
students star or circle this; in the context the y-intercept is amount of gas you start with

c. How would your equation change if your gas tank held 18 gallons of gas and used 2.5 gallons per
hour of driving? What would these changes do to your graph?
y =18 — 2.5x
The line would be shifted up 2 units and the slope of the line would be steeper.
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3. Students can title their context.

Context Table
Answers will vary. Time Cost
(hours) | (dollars)
0 7
1 9
2 11
3 13
4 15
5 17
Graph Equation
Ya
14
12
10 y=7+2x
8
g6
E
= 4
3
© 2
0 2 4 6 8 10 12 14 Z
Time (hours)

a. What is the rate of change in this problem? What does the rate of change represent in your context?
+2; answers will vary depending on the context

b. What is the y-intercept of your graph? Where do you see the y-intercept in the table and in the
equation? What does the y-intercept represent in your context?
7; answers will vary depending on the context

c. How would your context change if the rate of change was 3?
Answers will vary depending on the initial context
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4.

Context Table
Answers will vary. X y
0 100
2 90
4 80
6 70
8 60
10 50
Graph Equation
Ya
100
90
80
70
60
o0 y =100 — 5x
40
30
20
10
0 2 4 6 8 101214161820>X

Graph and table labels will depend on context.
a. What is the rate of change in this problem? What does the rate of change represent in your context?
-5; answers will vary

b. What is the y-intercept of the graph? Where do you see the y-intercept in the table and in the
equation? What does the y-intercept represent in your context?
(0, 100)

c. How would your context and equation change if the y-intercept of the graph was changed to 75?
How would this change affect the graph?
Answers will vary for context. New Equation: 75 — 5x; the line would be shifted down but have the
same steepness.

d. How would your context and equation change if the rate of change in this problem was changed to
—2? Would the graph of the new line be steeper or less steep than the original?
Answers will vary for context. New Equation: 100 — 2x. The graph of the new line would be less
steep.
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5. Students can title their context.

Context Table
Answers will vary. X y
0 10
1 14
2 18
3 22
4 26
5 30
Graph Equation
Ya
28
24 y = 4x + 10
20
16
12
8
4
0 2 4 6 8 10 12 14 Z

Graph and table labels will depend on context.
a. How would your context change if the equation above was changed to y = 2x + 10? How would
this change affect the graph?
Answers will vary. The slope of the line will be less steep.

b. How would your context change if the equation above was changed to y = 4x + 8? How would this
change affect the graph?
Answers will vary. The line would be shifted down two units.

6. Describe in your own words what a linear relationship is composed of. Think about all of the equations
that you have written to represent a linear relationship, what do they have in common, what do the
different parts of the equations represent?

A linear relationship is described by taking an initial value or starting point(y-intercept) and adding the
rate of change times x.
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2.2e Homework: More Representations of a Linear Context

Directions: In each of the following problems, you are given one of the representations of a linear relationship.
Complete the remaining 3 representations. Be sure to label the columns in your table and the axes on your
graph.

1. A Community Garden

Context Table
Gavin is buying tomato plants to plant in his local # of flats Total Cost
community garden. Tomato plants are $9 per flat (a flat 1 9
contains 36 plants). Consider the relationship between
total cost and number of flats purchased. 2 18
3 27
4 36
5 45
6 54
Graph Equation
Total Cos ,
126
108
90
y =9x
72
54 - -
Extension Question: How many flats can
36 Gavin purchase if he has $150 to spend?
18
0 2 4 6 8 10 12 17 hofflars

a. What is the rate of change in this problem? What does the rate of change represent in the context?
9; the cost per flat

b. What is the y-intercept of your graph? What does the y-intercept represent in the context?
(0, 0); there is no initial fee for purchasing flats of tomatoes

c. How would you change the context so that the relationship between total cost ¢ and number of flats f
purchased was ¢ = 12f?
The cost per flat is $12.
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2. Enrollment

Context Table
The number of students currently enrolled at Discovery Place
Preschool is 24. Enrollment is going up by 6 students each Time # of
year. Consider the relationship between the number of years (years) Students
from now and the number of students enrolled. 0 24
1 30
2 36
3 42
4 48
5 54
Graph Equation
# of Students ,
84
72
60
48 y =24+ 6x
36
24
12
0 2 4 6 8 10 12 14 :Time(yea

a. What is the rate of change in this problem? What does the rate of change represent in the context?
+6; the increase in enrollment each year
b. What is the y-intercept of your graph? What does the y-intercept represent in the context?
(0, 24); the number of students currently enrolled

c. How would you change the context so that the relationship between number of years and number of
students enrolled was y = 40 + 6x?
The number of students currently enrolled is 40

A great extension to this would be to ask students what would happen to the graph if the maximum
enrollment at the school was 72. This is a great tie to features of functions and restrictions on domain
and range. In many cases, a function can only model data up to a certain point. You may also wish to
have the students write the equation for the horizontal piece of the graph with this change, touching
on piece-wise functions which students will learn more about in Secondary I and I1.
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3. Write your own context

Context Table
Answers will vary Time # of Fish
(hours)
0 300
2 270
4 240
6 210
8 180
10 150
Graph Equation
# of Fish a
300
270
240
210 y =300 — 15x
180
150
120
90
60
30

0 2 4 6

8

10

12

14

Time (hours

a. What is the rate of change in this problem? What does the rate of change represent in the context?
-15; the number of fish remaining goes down by 15 each hour

b. What is the y-intercept of your graph? What does the y-intercept represent in the context?
(0, 300); start with 300 fish

c. How would you change your context so that the amount of fish remaining y after x hours could be
represented by the equation y = 300 — 30x?
the number of fish remaining goes down by 30 each hour
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4. Write your own context

Context Table
Answers will vary X y
0 30
1 35
2 40
3 45
4 50
5 55
Graph Equation
Ya
70
60 y =30+ 5x
50
40
30
20
10
0 2 4 6 8 10 12 14 Z

a. What is the rate of change in this problem? What does the rate of change represent in the context?
+5; answers will vary

b. What is the y-intercept of your graph? What does the y-intercept represent in the context?
(0, 30); answers will vary
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5. Write your own context

Context Table
Answers will vary

X y
0 0
1 12
2 24
3 36
4 48
5 60
Graph Equation

Ya

84

72

50 y =12x

48

36

24

12

0 1 2 3 4 5 6 :(

a. What is the rate of change in this problem? What does the rate of change represent in the context?
12; answers will vary

b. What is the y-intercept of your graph? What does the y-intercept represent in your context?
(0, 0); answers will vary

c. How would your context and equation change if the rate of change in this problem was changed to 10?
Would the graph of the new line be steeper or less steep?
Answers will vary; the line will be less steep
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2.2f Self-Assessment: Section 2.2

Consider the following skills/concepts. Rate your comfort level with each skill/concept by checking the box that
best describes your progress in mastering each skill/concept. Some sample criteria are provided as well as
sample problems on the following page.

Skill/Concept Minimal Partial Sufficient Substantial
Understanding Understanding | Understanding | Understanding
1 2 3 4
1. Write rules for linear I don’t know how | I don’t know how | | can write arule | I can write a rule

patterns and connect the
rule to the pattern
(geometric model).

to write a rule for
the pattern and |
don’t know how

to write a rule for
the pattern. The
only way | know

that describes the
pattern but don’t
know how my

that describes the
pattern and
explain how my

to find the how to find the rule connects to | rule connects to
number of blocks | number of blocks the pattern. the pattern. I can

in the 50" stage. | in the 50" stage is also use the rule

by adding the rate to predict the

of change 50 number of
times. blocks in stage
See sample problem #1 50.
2. Understand how a linear | I can find the rate | I can find the rate | | know how to I know how to

relationship grows as
related to rate of change
and show how that
growth can be seen in
each of the
representations.

See sample problem #2

of change in only
one of the
representations.

of change in some
of the
representations.

find the rate of
change in all the
representations
but have a hard
time explaining
how you can see
the growth.

find the rate of
change in all the
representations.
| can also show
how the rate of
change can be
seen.

3. Create the additional
representations (table,
graph, equation, context,
geometric model) of a
linear relationship when
given one representation
and make connections
between them.

See sample problem #3

I can only make
one linear
representation.

I can make some
of the linear
representations.

I can make all
the different
representations
of a linear
pattern but |
don’t know how
they are
connected.

I can fluently
move between
the different
representations
of a linear
relationship and
make
connections
between them.

4. ldentify the rate of
change and initial value
of a linear relationship in
the table, graph,
equation, context, and
geometric model of a
linear pattern.

See sample problem #4

I can identify the
rate of change and
initial value in 2 or

less of the
representations of a
linear model.

I can identify the
rate of change and
initial value in 3 of
the representations
of a linear model.

I can identify the
rate of change and
initial value in 4
of the
representations of
a linear model.

I can identify the
rate of change and
initial value in all
of the
representations of
a linear model.
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Sample Problem #1

Write a rule that describes the pattern given below where s is the stage number and t is the total number of
blocks. Be sure to explain how your rule connects to the pattern. Then use the rule to predict the number of
blocks in the 50" stage.

Stage 1 Stage 2 Stage 3
t = 4s + 2 This rule shows s groups of 4 plus 2.

<+— s groups of 4

Stage 2

t =s+ 2(s+ 1) + s This rule shows the stage number plus 2 groups of the stage number plus one plus the
stage number again.  ¢.71

s> <+——S

Stage 2

There will be 202 blocks in the 50 stage.

Sample Problem #2

For the pattern given below find the number of blocks in the next stage by determining the rate of change. Fill
in the table and graph and explain how you can see the pattern grow in each of these representations.

Stage 1 Stage 2 Stage 3 Stage 4

In the model above 4 blocks are added for each stage.

# f # of Blocks 4
0
Stage Blocks b [ 314
(s) (b) 14
13
1 6 +4 12 /. =
1
2 10 4 10
9
D e
6
5 22 +4 5 —
W WAEY!
NV
The difference column for the table shows a rate of
change of 4. !

0 12345678910:Stage#
The graph shows a unit rate of 4.
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Sample Problem #3
Given the following equation create a table, graph, and a context or geometrical model that the equation could

possibly describe. Write a sentence that describes how the different representations are related.
y=-3x+12

Table:

AlwlNk|ofx
'—\
o|lwlo|o|G=

Graph: Labels on graph should match context given.

Ya
16
15
14
13
1

i

10\

©

\

= N W H OO N ©
L7

N

o 1 2 3 5 6 7 8 9 10y .
Context/Model: Sample answers are” given below.

The dog was 12 feet away from the cat, it ran toward the cat at a rate of 3 feet per second.

L[]
Stage 1 Stage 2 Stage 3

All representations show a rate of change of —3 and an initial value of 12,
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Sample Problem #4
For each of the representations given below identify the rate of change and initial value.

a y= le_3 b. The local community center charges a monthly
z fee of $15 to use their facilities plus $2 per visit.
o1
Rate of change: - Rate of change: $2 per visit
Initial value: -3 Initial Value: $15
c o ) d.
_ X y
. | | 0 20
[ | 1 15
Stage 1 Stage 2 Stage 3 2 10
3 5
4 0
Rate of change: 5 blocks per stage Rate of Change:—5
Initial Value: 0 blocks Initial Value: 20
stage # o
16
15
14
13
12
1
10
9
8
7
6
5
4
3
2
1
0 1 2 3 4 5 6 7 8 9 10:#ofblocks

Rate of Change: 1

Initial Value: 8
Below are some ways that you can use this self assessment.

e Give students a few more linear patterns and ask them to choose 1 that they write a rule for and connect
their rule to the model. You may also consider giving them some patterns or situations that are not linear
and having them tell you why they are not linear.

e You can give students one of the representations of a linear context and have them create one or more of
the others. It will also be important to continue helping students to scale the axes of a graph — you can
implement warm-ups where you give students a context or table and ask them to sketch a quick graph of
the situation, explaining how they would scale the graph.

e For the 2nd skill/concept above ask the students if they can define rate of change in their own words.
They may ask the students to give examples of a rate of change.
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Section 2.3: Investigate The Slope of a Line

Section Overview:

This section uses proportionality to launch an investigation of slope. Transformations are integrated into the
study of slope by looking at the proportionality exhibited by dilations. Students dilate a slope triangle on lines
to show that a dilation produces triangles that have proportional parts and thus the slope is the same between
any two distinct points on a non-vertical line. They further their investigation of slope and proportional
relationships and derive the slope formula. Adequate time and practice is given for students to solidify their
understanding of this crucial aspect of linear relationships. The last few lessons provide an opportunity for
students to use all of the knowledge and tools acquired throughout the chapter to formally derive the equations
y=mx and y=mx+b. They will use proportionality produced by a dilation to do this derivation.

Concepts and Skills to Master:

By the end of this section, students should be able to:

1.

2.

3.

Show that the slope of a line can be calculated as rise/run. Also explain why the slope is the same
between any two distinct points on the line.

Find the slope of a line from a graph, set of points, and table. Recognize when there is a slope of zero or
when the slope of the line is undefined.

Given a context, find slope from various starting points (2 points, table, line, equation).

Recognize that m in y=mx and y=mx+b represents the rate of change or slope of a line. Understand that
b is where the line crosses the y-axis or is the y-intercept.

Derive the equation y=mx and y=mx+b using dilations and proportionality.
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2.3a Class Activity: Building Stairs and Ramps.

In the previous section you saw that a constant rate of change is an attribute of a linear relationship. When a
linear relationship is graphed on a line you call the constant rate of change of the line the slope of the line.

The slope of a line describes how steep it is. It describes the change in y values compared to the
change in the x values.

The following investigation will examine how slope is measured. | Slope is the way that you describe
the rate of change on the graph.

On properly built staircases all of the stairs have the same measurements. The important measurements on a
stair are what we call the rise and the run. When building a staircase these measurements are chosen carefully
to prevent the stairs from being too steep, and to get you to where you need to go.

One step from three different staircases has been given below.

Staircase #1 Staircase #2 Staircase #3
. 4in
5in
8in
i ‘ 6in ‘
Sin 3in
The vertical measurement is the “rise”. The horizontal measurement is the “run”.

1. State the rise and run for each staircase.

a. Staircase #1 b. Staircase #2 c. Staircase #3

rise=_5 run=__5 rise=_ 3 run=_8 rise=_6__ _run=_4

2. Using the run and rise for each step, graph the height a person will be at after each step for the first 5
steps. Do this for each staircase.
Height(rise) o

45

40

35

30
25 + >

20 >

T
B 0 ) 82 o 2 g

>
0 S 10 15 20 25 30 35 40 45 Horizontal Distance(run)
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3. Which staircase is the steepest? __ Staircase #3

Just like staircases, the measurement of the steepness of a line is also very important information. On the graph
on the previous page draw a connecting line from the origin (0,0) and through the tip of each stair step.

This line shows the slope of your stairs. For each step you climb, you move up y inches and forward x inches.

Find the slope of each line representing a staircase using the ratio: % or % and by simplifying this fraction.

4. Calculate the slope ratio for each staircase.

a. Staircase #1: > =1 b. Staircase #2: z c. Staircase #3: _g = %

5. If you didn’t have the graph to look at, only the ratios you just calculated, how would you know which
staircase would be the steepest? The greater the ratio the steeper the line.

6. Calculate the slope for climbing 1, 2, & 3 steps on each of the staircases.

Staircase #1 Staircase #2 Staircase #3
Total Total Run Slope Total Total Run Slope Total Total Run Slope
Rise (rise/run) Rise (rise/run) Rise (rise/run)
1 step 5 5 5 3 8 3 6 4 6
5 8 4
2 steps 10 10 10 6 16 6 12 8 12
10 16 8
3 steps 15 15 15 9 24 9 18 12 18
15 24 12

7. Does the slope of the staircase change as you climb each step?
The slope of the staircase is the same as you climb each step. The ratios all simplify to the same number.

8. Using your knowledge of how slope is calculated, see if you can figure out the slope of the ramp found
at your school. Take measurements at two locations on the ramp. Use the table below to help you.

Many students will naturally want to find the

Rise Run Slope longest possible rise and run but will soon find
1% out that measuring this can be rather tedious.
measurement This is where you can have a discussion about
2"d how you can find the rise and run at any location
measurement on the ramp to get the slope. The next lesson will

address why this is true.
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2.3a Homework: Measuring the Slope of Stairs and Ramps

1. Your task is to design a set of stairs and a wheelchair ramp at the side. Both the stairs and the ramp will
begin at the same place (at ground level) and end at the height of 3 feet. Answer the following questions
as you develop your design.

 How many steps do you want or need? | The instructions for this assignment are very detailed. Walk

Answers will vary. students through the first couple of problems before they leave
class.

e How deep should each step be? Why do you want this run depth?
Answers will vary.

o How tall will each step be? Why do you want this rise height?

Answers will vary. | Students are not actually building the stairs and ramps but designing them. Provide
students with graph paper; be sure to review the instructions together as a class to

e What is the total distaheE GGtai Bepth for all steps) you will need (at the base) for all of the stairs—this

would be a measurement at ground level from stair/ramp start point to stair/ramp end point?
Answers will vary.

2. Sketch the ramp (as viewed from the side) on graph paper below. Label and sketch the base and height,
for example: Ramp-base (in inches or feet) and Height (in inches or feet). Answers will vary.

V'
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3. From the sketch of the ramp, find and record the following measurements. Answers will vary.

Rise height (total height | Run depth (total distance — at Rati rise
you’ve climbed on the ground level — covered from ao- o
ramp at this point) stair-base beginning)

12 inches in from
the start of the ramp

24 inches in from
the start of the ramp

Where the ramp
meets the top

4. Sketch the stairs (as viewed from the side) on graph paper below. Label the sketch base and height, for

example: Stair-base (in inches) and Height (in inches). Answers will vary.

V'S
0 >
From the sketch above, find and record the following measurements. Answers will vary.
Rise height (total height | Run depth (total distance . rise Reduced
you’ve climbed at this | covered from stair-base Ratio run ratio
point) beginning)
At the first
step
At the third
step
At the last
step
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5. What do you notice about the Ratio column for both the ramp and the stairs?
They have the same ratios.

6. On your stair drawing, draw a line from the origin (0,0) through the very tip of each stair. Now look at
your ramp drawing. What do you observe?
They are the same line.

7. Explain what would happen to the slope of the line for your stairs if the rise of your stairs was higher or
lower? If the rise is higher then the slope is bigger meaning that the stairs would be steeper. If the rise is
lower than the slope is smaller meaning that the stairs would be less steep.

8. Fillin the blanks

rise
a. Slope= ———
rum
b. In the picture below the rise is 3 units, and the run is 2 units. Thus, the slope of
this lineis_ =
2

9. Suppose you want to make a skateboard ramp that is not as steep as the one show below. Write down
two different slopes that you could use.

Answers will vary.

51t
If you want to discuss a negative
10. Find the slope of the waterslide. Calculate it in two different ways. | slope on number 10 you can.
However, negative slopes will
be addressed in section 2.3c and

» you can accept an answer of ¥4
25 ft at this point if you want.
v

L 1H50ﬂj

The slope of the water slide is — i.
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Extra Practice: Measure the Slope of a Hill

Instructions for measuring the grade of a hill or a road:
Rest the level (or clear bottle filled with water) on the ground. Lift up the lower end of the level/bottle (i.e, the

end nearest the bottom of the hill) until the level measures level. (If using a bottle, the water level in the bottle
should be parallel to the side of the bottle.)

While holding the level/bottle still in this position, measure the distance between the end of the level and the
ground using the ruler, as shown in the image below.

1. Calculate the grade by dividing the distance measured with the ruler (the "rise™) by the length of the
level or straight edge (the "run") and multiplying by 100:

Answers will vary

2. Roadway signs such as the one to the right are used to warn drivers of an upcoming steep down grade
that could lead to a dangerous situation. What is the grade, or slope, of the hill described on the sign?
(Hint: Change the percent to a decimal and then change the decimal to a fraction)
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2.3b Class work: Dilations and Proportionality

See teacher note at the bottom of page 86.

When an object, such as a line, is moved in space it is called a transformation. A special type of transformation
is called a dilation. A dilation transforms an object in space from the center of dilation, usually the origin, by a
scale factor called r. The dilation moves every point on the object so that the point is r times away from the
center of dilation as it was originally. This means that the object is enlarged or reduced in size.

For example, if you dilate the set of points (0,0), (0,4),(3, 0), and (3,4) with a scale factor of 2 and the center of
dilation is at the origin (0,0) the distance of each point from the center will be 2 times as long as it was

originally. Algebraically this means that you multiply each point by 2.

The beginning of this activity is to merely

(X’ y) _) (ZX’ Zy) introduce what a dilation is so it can be used

To confirm this, investigate this transformation below.
1

to investigate slope. A more complete and
intensive study of dilations will be covered
in chapter 9. Note that there are two types of
transformations; rigid motions and dilations.

a. Graph and connect the ordered pairs (0,0), (0,4),
(3,0), and (3,4).

YA
10
[~ ’). Q
A2 J o}
-\ |
. 4
5 T an >
X
s
1o
v

b. Find the length of each segment and dilate it by a
scale factor of two. Draw and label the new
lengths from the center of dilation (the origin) in a
different color on the coordinate plane above.

If students struggle with this explain to them
that this means to multiply each length by two.

The original object is called the pre-image and the
transformed object is called the image.

Compare the size of the pre-image with the
image.

Each side is twice the length and the area is 4
times the size.

Dilate by a scale factor of 2 algebraically using
the ordered pairs. Algebraically this is written as

(X, ¥) = (2x,2Y) . Write the ordered pairs

below.
(0,0), (0,8), (6,0), (6,8)

Graph and connect your new ordered pairs for the
image on the coordinate plane in part a.

See Graph

What do you observe about the transformation
when you do it graphically and algebraically?
Both times you end up with the same new image.

How do the lines that correspond to one another
in the image and pre-image compare?

They have the same slope and their lengths are
proportional.
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A special notation is used to differentiate between the pre-image and the image. If the pre-image is called A
then the image is called A4’ pronounced “A prime”.

2. Try another shape to see what kind of relationship exists between the pre-image and the image.

a. Graph and connect the ordered pairs (0,0), (3,0), |c. Labe the pre-image A and the image A’. Compare
and (3, 4). YA the size of the pre-image with the image.

Each side measures half the length of the pre-

image. The image has ¥4 of the area of the pre-

image.

10
o

[l

Y. i d. Dilate by a scale factor of % algebraically using

(' _ - 1.1
A A the ordered pairs. That it is (X, Y) = (E X, > y).

Write the ordered pairs below.

(0,0), (0.5,0), and (1.5, 2)

[l

e. Graph your new ordered pairs for the image.
10 See Graph

v f.  What do you observe about the transformation
b. Find the length of each segment and dilate it by a when you do it graphically and algebraically?

scale factor of % (The length of the hypotenuse is Both times you end up with the same new image.

5) Draw the new lengths from the center of
dilation (the origin) in a different color.

If students struggle with this explain to them g. How do the lines that correspond to one another
in the image and pre-image compare?

They have the same slope and their lengths are
proportional.

that this means to multiply each length by %

Please refer to the Mathematical Foundation for Chapter 2, as this will help the teacher understand why it is
important to approach Standard 8.EE.6 from the perspective that the slope is the same between any two
distinct points on a line because of dilations. Transformational geometry is integrated with slope by
understanding that a dilation produces figures with proportional parts. Right triangles that are formed from
any two distinct points on a line are dilations of one another. Since they are dilations of one another they
have corresponding parts that are proportional and parallel. This is why the rise/run ratio is the same from
any of these triangles and thus the slope is the same between any two distinct points.
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Now that you know how a dilation works you will investigate what kind of relationship is formed between the

pre-image and the image after the dilation.

3. Using the figure below.

a. Connect pointBto C

b. Double the length of AB on the line
AE . Label the new segment AB’

c. Double the length of AC on the line
AD . Label the new segment AC".

d. ConnectB’ to C’.

A Geogebra (free download) Applet is
available with this activity. Students can
use the applet to manipulate the lines and
observe effect of a dilation.

4. What do you notice about B'C" in relationship to BC?

The length of B'C'is double the length of BC.

5. What do you notice about the size of the two triangles?
The image has an area that is 4 times the area of the pre-image.

. Write a ratio that compares the corresponding parts of the pre-image with the image.
AB 4 1 BC 2 1

AB 8 2 BC' 4 2

. What kind of relationship exists between the pre-image and image?
The corresponding parts of the image and pre-image are proportional to one another.
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2.3b Homework: Dilations and Proportionality
Continue your investigation of dilations and the relationships between the pre-image and image below.

1. Using the figure below:

a. Connect pointBto C

b. Double the length of ABon the
line AE . Label the new segment
AB'

c. Double the length of Eon the
line AD . Label the new segment
AC,

d. Connect B’ to C’.

2. What do you notice about B'C'in
relationship to BC?

B'C'is twice the length of BC.

3. What kind of relationship exists
between the pre-image and image?
The corresponding parts of the image
and pre-image are proportional to one
another.
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4. Using the figure below:
a. Connect point B to C.
b. HALF the length of AB on the

line AE . Label the new segment
AB',

c. HALF the length of AC on the
line AD. Label the new segment
AC".

d. ConnectB’ to C’.

5. What do you notice about B'C" in
relationship to BC?

It is half the length.

6. What kind of relationship exists
between the pre-image and image?
The corresponding parts of the image
and pre-image are proportional to one
another.
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7. Using the figure below:
a. Connect point B to C.
b. HALF the length of AB on the

line AE . Label the new segment
AB',

c. HALF the length of AC on the
line AD. Label the new segment

AC',

d. ConnectB’ to C’.

8. What do you notice about B'C" in
relationship to BC?

It is half the length.

9. What kind of relationship exists
between the pre-image and image?
The corresponding parts of the image
and pre-image are proportional to one
another.

Summarize what students have learned from this activity together as a class. Have students write down
what they learned about dilations in their notebook.

A dilation will produce an image that has corresponding parts that are proportional to the pre-image.
Also the lines that make up the pre-image and the image are parallel and they have the same slope.
We will use the information to show that you can calculate slope given any two points on a line in the
next section.
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2.3c Class Activity: Proportional Triangles and Slope

1. On the line to the right choose any two points YA
that lie on the line. (To make your examination
easier choose two points that lie on an
intersection of the gridlines).

(«»)

From the two points create a right triangle, the line
itself will be the hypotenuse and the legs will extend
from the two points and meet at a right angle. An
example is shown below.

[l

ynA < -10 -b 5 10 >
Example: X
- A
< 0 105
10
A5 v
v

2. Compare the points that you choose and your triangle with someone in your class. Discuss the
following;
Did you both chose the same points?
How are your triangles the same?
How are your triangles different?
What relationship exists between your triangles?
All of the triangles will be dilations of one another no matter what two points you choose. Since they are
dilations of one another their corresponding parts are proportional.

Given any two triangles with hypotenuse on the given line and legs horizontal and vertical, then there is a
dilation that takes one on the other. In particular, the lengths of corresponding sides are all multiplied by
the factor of the dilation, and so the ratio of the length of the vertical leg to the horizontal leg is the same

for both triangles.

As a class have a discussion about the statement given above.
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The graphs given below have several different triangles formed from two points that lie on the line. These
triangles are dilations of one another and their corresponding parts are proportional. Answer the questions
below about these lines to observe what this tells us about slope.

e In each graph below, how many right triangles do you see?

e Trace each triangle you see with a different color.

e For each triangle write a ratio comparing the lengths of its legs or hslght . Then simplify the ratio
ase
height _ Display these graphs with an overhead projector, document camera,
base ' smartboard, iPad, etc. This will encourage group and class discussion.
In the future we will refer to the ratio as > , instead of neight .
run base
3. yAL 4 yAL
5 Ratios
2 " / 5 1
15 3
d d ' 4 1
o o : 1 x12 3
3 _ 1
9 3
5 2 _ 1
6 3
5. Va
Ratios
Ratios Sample
12 answers
— 7
6 -=1
10 7
4 ) — — 2 N 3
10 5 10 'Xg 0% 3= 1
—=2 2
3 —=1
4 2
2= 72 >4
==

7. Do the ratios (rise to run) always simplify to the same fraction (even quadrants with negative ordered
pairs)? Why or why not? Yes, the lines that create the triangles are dilations of one another. These
dilations make these triangles similar to one another. Similar triangles have parts that are
proportional to one another, that is why the ratios are equal.

8. How does the “rise over run ratio” describe the steepness of the line?

The higher the number the more steep the line is, the smaller the number the less steep the line is.
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Ratios Ratios
9 3 9 3
12 4 12 4
6 3 6 3
o b9 4 P %9 4
3 3 3 3
4 4 4 4

[
[

10 10
T 1R~

v v

11. Why do graphs 9 and 10 have the same ratio but they are different lines?
One of the lines is going down from left to right and the other is going up from left to right. They
have the same ratio because they are the same steepness.

12. How could you differentiate between the slopes of these lines?
Make the ratio for the line that is going down negative. The rise is negative because you are going
down as you move from left to right.

13. How does the rise related to the run of a negative slope affect the steepness of the line?
The steepness of the line does not change, the negative slope means it is going down.

14, Y4 15, "
Ratios - Ratios
—12_ —3_ 3
4 - 1
°_ 5 ) 6_ 5
2 2
3__, ~12
0 5 5 10:1_ 5 3 ; o % 4
—9_ 3 —15_
3 5

16. Are the ratios for graphs 14 and 15 positive or negative? How do you know?
Negative, as you move from left to right the rise is going down so it is negative. This makes the
entire ratio negative.

17. Why are the slopes for graphs 14 and 15 the same if they are different lines?

The lines have the same steepness even though they are different lines.
*A discussion of parallel lines might occur here.

The following are some questions that a teacher can use to lead a discussion.
Does it matter if you draw the triangles on the top or the bottom of the line? What kind of triangle do you have to
draw? Does is matter what points you draw your triangle from? What happens if your line is horizontal or vertical?
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2.3c Homework: Similar Triangles and Slope

For each line graphed below,
e Draw a Right Triangle

This homework assignment might be a bit challenging for students as it gives them an
opportunity to extrapolate what they learned in the class activity. You may want to
to calculate the slope of the line. The slope of a line is denoted by the letter m.
use this homework assignment as a launching point for the next day’s class activity

rise
Thus slope =m = run| @nd debrief with students about their thinking about slope and rise over run before
grading this assignment. rise
e Label each triangle Wirh a ratio and simplify the ratio m=—=——
run
2. Ya 3. Ya
I~
5 5
< < — | 5 5
l) X X
= 5
v v v
rise 1 rise -1 rise 0
run 1 run 1 run
2. What does the sign of the slope tell us about the line?
The sign of the slope determines if the line is going up or down from left to right.
Be sure to discuss lines that have slopes of 0 and slopes that are undefined. For example, in #3 above the run can be many
different numbers but the slope will always simplify to 0. Also talk to students about how in 7" grade they learned to write
numbers in a form to suit their intended mathematical needs. In this case it is customary to leave the slope as a fraction so that
you can “see” the rise and run. However, it is not wrong to write it as a decimal.
For each line graphed below, calculate the slope of the line.
3_ Ya 4 Ya 5 Ya
10 / i 4
HHA 5\\
- -10 -5 5 10 5-10 - \s 10 | -1 -5 d
/ 5 5 \
/ 10 10 \ 16
A 4 3 3 ) v 2 : ‘3_
rise rise - rise .
Mm=—=——=— == =-2 =——=——=undefined
run 2 2 run 1 run

6. Briefly, explain how to calculate slope when looking at a graph. Choose any two points that are on the

line, connect the two points using a tright triangle. Working from left to rise, count how many spaces
the line is going up for the rise and how many spaces the line to going to the right for the run. Write the

rise and run as a ratio and simplify.
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2.3d Class Activity: Finding Slope from Graphs

1. Do the graphs below have positive or negative slopes? How do you know?

a. Ya b. Ya C. Ya d_ Ya

< \ > < // > |« > < >
\ / \\

Positive or negative? Positive Positive Negative

Negative

e. Explain how you know whether a line of a graph has a positive or negative slope.
If the line is going down from left to right it has a negative slope. If the line is going up from left to right
it has a positive slope.

For each line graphed below,
e Draw aright triangle to calculate the slope of the line. Answers will vary

e Label each triangle with a ratio and simplify the ratio m =

rise

run

|_If students have a hard time seeing
where the line intersects a point on the
graph tell them to find at least 3 points

2. Va 3. Y4 | and they can verify if they found the
5 5 cornect intersections.
rise -2 rise 2
5\ 5, fun > NES /’:x run °
-5 -5
v v
For each line graphed below, calculate the slope of the line.
3. Ya 4. Ya
10 10
5 \ 5
rise 2 \ rise -4
run 0 \ run 3
d | . d 'Y
" -1o b 3 10 F undefined ~-1o 5 \ 3 10
5 5]\
10 10 \
v v
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5. y 6. y
1 10T
5
N -5 0 :( N -5 5 10 :(
5 5
10. 10.
-3 *o 4 ¥
1 M 1 M
7. Ya Ya
10 10 /
5 //
N -5 0 :( N 5 10 :(
5 5
10 10
m=—2__4 m="
1 4
9. Ya 10. Ya
\ - [~
‘\U
< = - >
< xT 3 :( 10 n 3 % 0
5 I~
10 16
2 -1 v v
4 2
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2.3d Homework: Finding Slope from Graphs

1. Do the graphs below have positive or negative slopes? How do you know?

1. N 2. Yo 3. N 4. N

x ¥
4
x ¥
4
x ¥
4

\

v v v v

x W

Positive or negative? Positive Positive Neither, the line is
Negative undefined.

5. Explain how you know whether a line of a graph has a positive or negative slope.
If the line is going down from left to right it has a negative slope. If the line is going up from left to right it
has a positive slope.

For each line graphed below,
e Draw aright triangle to calculate the slope of the line. Answers will vary

. . . S . rise
e Label each triangle with a ratio and simplify the ratio m= —=——
run
2. VET 3. Va
rise -4 4 rise 1
N % run 1 —r > run 2
-b / X
For each line graphed below, calculate the slope of the line.
3. Ya 4. y
10 10
rise 1 rise -4 4
run 5 run 1
~-10 -5 5 10 'y ~-10 3 \ 5 10 7y
5 5
/
]
/
10 40
v v
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5. Ya 6. Ya
10 10
5 5
/
< .‘—‘"‘ > < - >
A | 5 0 'y {o B 5 g
5 5
1 10 0, 10
6 v 5 M
Ya 8. Ya
4& 10
5 \ b /
< -10 -b 5 0 :( < -10 -5 rd 5 :(
5 5
10 10
m 3 m 4
= — v = — v
2 5
Ya 10. Ya
10 10
5 5
N -5 5 0 ; NEET -5 5 :(
5 5
10 10
_ v -3 v
m = — = undefined m=-—=-3
0 1
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2.3e Class Activity: Finding Slope from Two Points

Calculate the slope of the following graphs:

1. y‘; 2 yAL
m:_—6:—2 - m:g:1 +
3 8 4
BT 3 10 :X gy n3 §_—1 f(
//0-
/ 5
v . y
Graph the following pairs of points. Use the graph to determine the slope.
3. points: (4, 3) and (0, 1) 4. points: (1, 4) and (-2, 6)
1 -2
YA Ya
Bh
2 d Aoy
= di T
4 0 E !9 1 t 4 0 3 & \‘1 t
v v

Find the rise and run and slope of each line shown below. You will have to think of a way to use the coordinate
points to find the rise and run.

5. Y4 6. & 7. Y2
D(4,8)
B(3,3) C(1,2) F(2,2)
) A(1,1) X ) x| E(1,-1) x
Rise_ 2 ne_5 Rise_ 3
Run__ 2 6 . Run__ 1
m__ 1 —=2 m 3
v - 3 - v v
8W82 - 98 ©2014 University of Utah Middle School Math Project in partnership with the

Utah State Office of Education. Licensed under Creative Commons, cc-by.




G(-S,y

y
x ¥
F'S
(@]
—~
»
N
~
x WV
y
— X
INESR
W W
]
£ o
x W

_ Rise -5 Rise_ 3 T
Rise_ 4 v - v _5 Run__ O v
Run 4 m 1 Run__ 4 m v m undefined

11. 4 12. T4 13. 4

N(-6,3) /
& @
) M(1,3) ) / P22 . | . R
O(-4,0 X X
/ R(lo’-Z)
-10,-8
. A 4 Rlse_z_ v Q( ) v
Rise_ 0 2 1 Rise_ 6
Run_ 7 m 0 Run 6 m 6 3— Run 20 m 6 3

14. Graphing points can be time-consuming. Develop a procedure for calculating the slope without graphing
each point. Explain your procedure below. Show that it works for problems 1-4 above.
See student answer

Discuss and compare your method for calculating slope without using right triangles on a graph with someone
else.

15. Now discuss this formula: slope=m= Y2 =% \What does it mean? How does it work? See student answer

X, =X

Help students to not only memorize the slope formula but to understand that it is the slope ratio. The rise is found by
finding the difference in the y values and the run is found by finding the difference in the x values. You might also

. - A
want to discuss that the formula can also be, slope =m = NhoY, orslope=m= Ay Show students that the order
X

R
that you choose to define your first and second point does not matter. A student may also ask about the direction used
to find the rise and run from a graph, you can also show how the same slope is obtained using either direction.
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Fill in the missing information in the problems below. Use the empty box to calculate slope using the formula,

slope=m= Y27 % The first one has been done for you.
X, =%
17. 18. 19. 20.
(-41 _4) (11 6) (-31 _6) (61 0) (41 -3) (-5’ 9) (_41 _2) (21 1)
_6——4 _0—--6 _9—-3 _1--2
e p— e — Mm=T5 e p—
4y _10_, 4y _6_2 ay_12_ 4 a_3_ 1
AX 5 Ax 9 3 AX -9 3 AX 6 2
21. 22. 23. 24.
A
< . —> | | \ ]
] A 4 :
(-3,-5) (5,-5) (-5,-7) (-5, -3) (-3,-1) (-1,-3) (-1,-71 (0, -2)
_ —5—-5 _—3-—-7 ~—3-—-1 —2——7
m=5 3 - — m=1-=3 e p—
A _0_ ﬂ:ﬂ:undeﬁned ﬂ_—j:_l ﬂ:5
AX 8 Ax 0 AX 2 AX
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25. 26. 27. 28.
N
1
\(i
(-3,4)(6,1) (2,5) (2, -4) (-2,-7) (-1,-3) (-7,6) (6,-7)
~1-4 ~—4-5 ~—3——7 ~—7-6
i p—— M= (g —— Hrp—
y_=3_ -1 ﬂ:_—g:undefined Ay _4_ ﬂ:_—lg’:—l
AX 9 3 Ax 0 AX 1 AX 13
29. 30. 31. 32.
“o—o) /'
“o\ |
(_6: 1)(61 -1) ('1,6)('4,6) (_1’3)(1’6) (O,'Z)(4, _5)
_—1—1 _ 6—6 _6—3 _—5——2
L —— L — m=1_ m="23"0
Ay_—2 -1 a_0_, Ay _3 Ay _ -3
AX 12 6 AX -3 AX 2 AX 4
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2.3e Homework: Finding Slope from Two Points

Graph the following pairs of points. Use the graph to determine the slope.

1. (-4,3)and (2, 6) 2. (-1,4)and (0, 1
YA /s
1 \ '
. \
X
- 4
< xr = > < -10 5 3 1 :
X
\
\
y 1 \
v v
m= ! m=-3
2

Calculate the slope of the line connecting each pair of points.

3. (1,42)and (4, 40)

5. (3,-10) and (-6, -10)

7. (5,1) and (-7, 13)

9. (8,41)and (15, 27)

11. (-5, 36) and (-4, 3)

3

0

-1

-2

—33

4. (-21,-2) and (-20, -5)
-3

6. (10,-11) and (11, -12)
—1

8. (14,-3) and (14, -7)
undefined

10. (17, 31) and (-1, -5)

12. (32, -23) and (-6, -2)
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2.3f Class Activity: Practice Finding the Slope of a Line

Calculate the slope of the line on each graph.

a. b.
5
== m—5
m 3 F' yu
10 10
L / \
// \
-10 -5 5 10 'y -10 -5 \ 5 10 'y

5 5

10 10\

For each pair of points,
e Calculate the slope of the line passing through each pair.
e Find one other point that lies on the line containing the given points.

3. (10,-6) and (-5,4) m = —- 4. (7,3)and (-3,0)m = =
Answers will vary Answers will vary

5. (0,4)and (1,0) m = —4 6. (-5,1)and (-5, -2) m=undefined
Answers will vary Answers will vary

Calculate the slope of the line that contains the points given in each table. Calculate the slope twice, one time by
using the Slope Formula with two points and the other time by finding the rate of change or unit rate in the
table.

7. X|y 8. Xy
314 | m=_1 0| 4| m=__5
415 119
516 | m=__1 214 m=__5
6| 7 3119

9. X|y 10. X|y
0] 9| m=_1 20 4| m=__4
3112 4112
6115 m=__1 6|20 m=__4
9|18 8|28

11. Why are the slopes the same no matter what two points you use to find the slope? Regardless of what points are
chosen a triangle can be drawn that is similar to all other triangles that can be created from any other set of points. Since the
triangles are similar their corresponding parts are proportional resulting in ratios that are the same. These ratios represent the
rise and run of the line.

8WBZ - 103 ©2014 University of Utah Middle School Math Project in partnership with the

Utah State Office of Education. Licensed under Creative Commons, cc-by.



2.3f Homework: Practice Finding the Slope of a Line

Calculate the slope of the line on each graph.

4
yA yA
10 10
/ 5
-10 y 5 0 x o ; 0
// 5 |~ /
. %(/
yA yA
\ 10 10
\\5 E
N R R
10— -p \5 0 x 10 b 3 0 %
5 \\ 5
10 10
5. m=+4 6. m = undefined
Ya Ya
10 10
5 / 5
-10 -5 / 5 10 '« -10 -b 5 0 'y
5 5
10 19
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Calculate the slope of the line passing through each pair of points.

7. (3,9) and (4,12) 8. (5, 15) and (6, 5)
m=3 m=-10
9. (6,9)and (18,7) 10. (-8, -8) and (-1, -3)
-1 5
m=— m=—
6 7

For numbers 11 and 12;
e Calculate the slope of the line passing through each pair
e Find one other point that lies on the line containing the given points

11. (-6,-5) and (4,0) 12. (4,1) and (0,7)
m = me-l

2

Answer will var .
y Answers will vary.

Calculate the slope of the line that contains the points given in each table.

13. m=-3 X |y 14.m=-1 Xy
3 ]-9 8 |1
5 |-15 6 |3
9 |-27 2 |17

-4 113

15.m=-9 X y 16.m=0 X |y

0|4 10 |1

1|5 8 |1

2 |-14 -12 11

3 |23 -14 |1

17.m=2/5 X y 18. m= XY
5|2 undefined 3|5

5 | 6 -3 10

10 | 8 8115

-3120

19. Why doesn’t it matter which two points you use to find the slope? See student answer
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2.3g Class Activity: Finding Slope from a Contg

1. Gourmet jellybeans cost $9 for 2 pounds.
a. Complete the table.

XBnce again it is important to discuss to write the slope in form that

makes sense for the given context. When slope is written as an
improper fraction it is easier to see the rise and run. When it is
written as a rate of chanae it is easier to interpret its meanina.

Pounds 5 2 3 4 $6 8 10 15 20
Total Cost $225| $9 | $135| $18 | $27 | $36 | $45 | $67.5 | $90
b. Graph and label the relationship. c. What is the slope of the line?
Cost o 9

100 2

9% ) d. Write the slope of the line as a rate of change

L/ that describes what the slope means in this

80 va 9 45

20 )% context. > = —

// For every pound of jelly beans that are

60 % bought it cost $4.50.

50

40 e. Write an equation to find the cost for any

amount of jellybeans.

30 9

20 // y =450xo0ry= 5%

10 —{

ot R f.  Why is the data graphed only in the first
0 2 4 6 8 10 12 14 16 18 20 poynds quadrant? It is impossible to buy a negative
amount of jelly beans.

2. Kaelynn takes the same amount of time to solve each of the equations on her math homework. She can

solve 10 equations in 8 minutes.
a. Complete the table.

Minutes 2 8 12 16 20 24
Equations Solved 2.5 5 10 15 20 25 30
b. Graph and label the relationship. c. What is the slope of the line?
Equations 4 5
30 4
28 4 d. Write the slope of the line as a rate of change
zi that describes what the slope means in this
22 a context.% = %
fg - Kaelynn can solve 1.25 equations in 1
16 7 minute.
14 y.
12 4
10 . e. Write an equation to find the number of
2 A equations solved for any number of minutes.
‘ — 45xory=o
NE y=4>5xory = 4x
1 n
0 2 4 6 8 1012 14 16 18 20 22 24  Minutes
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Mr. Irving and Mrs. Hendrickson pay babysitters differently.

a. Examine the table. Describe the difference. e. Write each slope as a rate of change to
interpret its meaning?

Hours | Irving | Hendrickson

0 $0 $4 Irving: _$9 per hour

1 $9 $12

3 $27 $28 Hendrickson:  $8 per hour
5 $45 | $44

Mr. Irving pays $9 for every hour of babysitting.

It appears that Mrs. Hendrickson pays $8 an hour ) ) )
except for the first hour. f. Explain the different y -intercepts.

The y-intercept for Mr. Irving is 0. The y-
intercept for Mrs. Hendrickson is 4, she pays
b. Are both relationships proportional? $4 dollars to her babysitter up front, then
No, Mrs. Hendrickson’s relationship is not pays $8 per hour.
proportional.

c. Graph and label the two pay rates (two g. Is one babysitting job better than the other?
different lines). Why or why not? o
Dollars It depends on how long the babysitter is
4+ babysitting. Mrs. Hendrickson is better if the
50 babysitting is less than 4 hours. Mr. Irving is
45 ) better if the babysitting is more than 4 hours.
40

35 /

25 h. Write an equation for each situation.
5 / e lrving: _y=9x

10 ﬁ/ e Hendrickson: _y =8x + 4

5

0/ 1 > 3 7 3 :HOUFS Ask students how you can see the y-intercept

in the graph, table and equation. This is where
students can examine the y-intercept and what
it means in a context.

d. What is the slope of each line?

Irving: ; =9 Hendrickson: ? =8

8WBZ - 107 ©2014 University of Utah Middle School Math Project in partnership with the
Utah State Office of Education. Licensed under Creative Commons, cc-by.



2.3g Homework: Finding Slope from a Context

1. The soccer team is going out for hot dogs. Greg’s Grill is having a special on hot dogs: four hot dogs for
three dollars. Each hot dot costs the same amount of money.
a. Complete the table.

Hot Dogs 1 4 12 16 24 28 40
Total Cost $0.75 $3 $9 $12 $18 21 30
b. Label the graph axes and then graph the relationship. | c. What is the slope of the line?
.75 3
Dollars o 1 "2
30 A d. Write a sentence with correct units that
28 pd describes what the slope means.
> [ It costs $0.75 to get 1 hotdog.
22 y.
20 ,/
18
16 v /
14 '/
12 / e. Write an equation to find the cost for any
o y 4 amount of hot dogs.
f 3
i ] y—.75x0ry—zx
2 »T’
0 !2 4 6 8 101214 16 18 20 22 24 26 28 30 32 34 36 38 40 :Hotdogs

2. The state fair costs $2 to get in plus $.50 per ticket to go on rides. Complete the following table,
showing the cost for getting into the fair with additional tickets for rides.
a. Complete the table.

Tickets 0 1 5 10 20 30 36
Total Expense 2 $2.50 | $4.50 7 $12 $17 $20
b. Label the graph axes and then graph the c. What is the slope of the line?
relationship. 1
Dollars o 2
20 d. Write a sentence that describes what the slope
" of the line means.
10 It costs $0.50 per ticket.

14

12

e. Why does the line not pass through 0?
The fair costs $2 to get into before you buy
any tickets

10

8

6

¢ f.  Write an equation to find the total expense at
the fair with any amount of tickets purchased.

0 2 4 6 8 101214 16 18 20 22 24 26 28 30 32 34 36 38 40 Tickets

1
y=.5x+20ry=zx+2
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3. Excellent Bakers and Delicious Delights bakeries charge differently for sandwiches for business

lunches.

a. Examine the table. Describe the difference.

Dollars

Sandwich Excellent | Delicious
Meals Bakers Delights
0 $0 $15

1 $20 $30

3 $60 $60

5 $100 $90

Excellent Baker charges $20 for every meal. It
appears that Delicious Delights charges $15 for
every meal plus an initial fee of $15

b. Are both relationships proportional?

No, Delicious Delights is not a proportional

relationship.

c. Find the rate of change for each
relationship.

Excellent :__$20 per meal

Delicious: __ $15 per meal

d. Graph the two pay rates (two different lines).

Label.

h

100
0 1

20 #A

80 %/

75

70 V/

65

60

55 /

50

45 %/

40

35 £

/
0——F~

20
15
10}—~£L
5|2
>
0 1 2 3 4 5 Meals

What is the slope of each line?
Excellent: 20  Delicious: 15

What does the slope tell you about these two
situations?

Excellent Baker charges $20 per meal; this is more
than what Delicious Delights charges per meal.
They charge $15 for each addition meal after their
initial fee.

Explain the different y intercepts.

The y-intercept for Excellent Bakers is 0. The y-

intercept for Delicious Delights is $15, they have
an initial fee of $15 perhaps for delivery or set-up.

h. Is one situation better than the other? Why or why not?
It depends on how many sandwich meals are ordered. If less than 3 sandwich meals are ordered it is
better to go to Excellent Bakers. If more than 3 sandwich meals are ordered it is better to go to Delicious

Delights.
I.  Write an equation for each situation.
o Excellent Bakery vy = 20x

e Delicious Delights

vy =15x+ 15
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2.3h Class Activity: The Equation of a Linear Relationship

Throughout this chapter the components of a linear relationship have be investigated. A linear relationship is
defined by the constant rate of change that it possesses and it can be represented in many ways. In this lesson

the focus will be more on the equation that represents a li

The equation given below represents a linear relationship.

oar aauation
ear-equation-

Throughout the chapter slope intercept form may

have been described as y=b+mx. The

commutative property allows us to write it as
y=mx+b as well.

1. Graph this equation of this line by making a table of values that represent solutions to this equation.

(This if often called a T-chart).

X y
-1 3
0 5
1 7
2 9

YA

1
T

A

2. Find the slope of this line?

m=2

3. Where do you see the slope in the equation?
The slope is in front of the x. It is being multiplied by x.

Often the letter b is used to denote the y-intercept.
4. What is the y-intercept of this line?

b=5 or (0, 5)

5. Where do you see the y-intercept in the equation?

OT

-,

The y-intercept is the constant that is being added or subtracted.

2 4

The purpose of this lesson is not only to formalize the general form of a linear equation but to give
students the opportunity to see that one way to graph a linear equation is to find a set of solutions that
satisfy the equation. They then graph these solutions as ordered pairs on a coordinate plane. This
method of graphing is often referred to as making a T-chart. There are a few equations included that
are not in slope-intercept form. However, by finding solutions for these equations (usually by guess
and check) students can see that they still make a straight line when graphed. They might even solve
the equation for y first and then find the solutions. Other methods for graphing will be studied
extensively in Chapter 3.
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For each of the equations given below, make a table of values to help you graph the line. Then identify the slope
and y-intercept. Circle the slope in your equation and put a star next to the y-intercept.

6. X—2%* YA
Y =9 The y-intercept in this )
7 y problem is -2. This can ' I
sometimes be an issue
for students. Remind /
them that they are
adding negative 2 which
is same thing as [ >
subtracting 2. Also talk |-10 g V 5 10
about adding zero for a ‘
y-intercept of zero. 4
Table will vary.
Slope(m): 5 y-intercept(b): -2
v
7.y £3x+1 YA
X y + y
5|/
« 0 5 l‘ 3 o>
X
/
Table will vary. / "
[ 4
Slope(m): 3 y-intercept(b): 1
v
8. y=(@x+0* YA
X Yy 1 7
/
/
VI
<
-10 5 A 5 1 t
/
Table will vary. 5
/
Slope(m): 4 y-intercept(b): 0 I
v
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9. x+y=3 YA
y:@x+3* 1

Table will vary.

Slope(m): -1 y-intercept(b): 3
v
10. y:@x—z* YA 11. y:@x+l* 4
Table will vary. Table will vary. \
4 0 5 [: 1 } < -10 5 \ [ 1 }
e r X X
v v
Slope(m):% y-intercept(b): -2 Slope(m): —g y-intercept(b): 1

12. Examine the graphs and equations given above. Describe the general form of a linear equation. In other
words, in general, how is a linear equation written? What are its different parts?
Answers may include; y=mx+b or y=b+mx, where m is the slope and b is the y-intercept. The desired
outcomely is equal to the slope/rate of change times the input/x plus your initial value/y-
intercept/starting point.
13. Write down he general form of a linear equation in the box below based off of your class discussion.

Slope-intercept form of a linear equation is
y=mx+b

where m represents the slope (rate of change)
and b represents the y-intercept (initial value or starting point)

14. What if the y-intercept is zero, how do you write the general form of the equation?
If the y-intercept is zero then the general form of the equation is y=mx+0 or y=mx
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2.3h Homework: The Equation of a Linear Relationship

For each of the equations given below, make a table of values to help you graph the line. Then identify the slope
and y-intercept. Circle the slope in your equation and put a star next to the y-intercept.

1. y=(3x-3* '\
3
X y
/
/
< : >
-10 5 ’I [ 1 4
Table will vary. 1
Slope(m): 3 y-intercept(b): -3 1
A 4
2. y={k+4* Y4
4
X y
< . >
-10 5 1 4
Table will vary.
4
Slope(m): 1 y-intercept(b): 4 v
3. y=(bx* '\
X y 4
\
\
\
\
«  EaEE
-10 5 \ 5 1 :
\
\
Table will vary. 5
\
\
Slope(m): -5 y-intercept(b): 0 1
v
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4. y:®x* YA
1

X y
4 - O ~ “ ‘\ 1 }
— - X
Table will vary.
1
L1 : .
Slope(m): — " y-intercept(b): 0 v
5. X+y=2 YA
y :@x +2* 1
X y
< - >
-10 5 5 1 4
Table will vary.
4
Slope(m): -1 y-intercept(b): 2 v
6. —x+y=-1 YA
y :@X -1* 4
X y
< - >
-10 5 5 1 4
Table will vary.
4
Slope(m): 1 y-intercept(b): -1 v
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7. y=C2x+6* YA

4
X y
< . >
-10 5 5 1 4
Table will vary.
Slope(m): -2 y-intercept(b): 6 4
v
8. y=[-—|x-2* YA
4
N
X y A
N 5
N
4 _ O ~ I\' é 1 }
X
N\
\
Table will vary. N
1
4 . v
Slope(m): — 3 y-intercept(b): -2
9. y=CIx+0* YA
< . >
-10 5 5 o T
Table will vary.
Slope(m): -5 y-intercept(b): 0 +
v
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2.3i Class Activity: Use Dilations and Proportionality to Derive the Equation y = mux. w

Up to this point you have been investigating how to describe many patterns and stories with a linear
relationship. You have begun to get a sense of how linear relationships are formed and described.

Write down what you know about linear relationships below.
o A linear relationship is defined by its constant rate of change and its initial value.

e The constant rate of change in the graph of a linear relationship is called slope and the initial value is
the y-intercept.

e The equation y=mx+b relates the x to y where m is the slope and b it the y-intercept.
Now write down what you know about linear proportional relationships below.

e A proportional relationship is a special linear relationship.

e A proportional relationship is defined by a proportional constant or unit rate that relates x to y.

e The proportional constant is the same as a unit rate in a proportional relationship. These can be
interpreted as rate of change

e When a proportional relationship is graphed it is a straight line going through the origin.

e A proportional relation can also be represented by an equation where the proportional constant relates
your x value to your y value.

You are going to use the facts listed above to derive the equation y=mx using dilations. Begin by looking at the

example below. This will most likely need to be a teacher directed activity. Be sure to
have a coordinate plane like the one below to project to the class and
1. Graph a line on the coordinate plane to the | fill in the missing pieces together.y o

right that goes through the origin and has a
slope of % Label the rise and run on your

graph with a right triangle. Redraw and label
this triangle in the space provided below the
graph. See graph. X
X.Y)
2. Does this line describe a proportional
relationship? Yes, the graph is linear and goes <
through the origin.

2 4

3. Choose any point (x,y) on your line and draw a
slope triangle that describes the rise and run.
Redraw and label this triangle in the space
provided below the graph. See graph.

Recall that the slope ratio is constant, meaning that if
you draw a right triangle from any two points on the v
line the ratio of its side lengths will be proportional to
the side lengths of any and all other right triangles 5
drawn from the line. This is true because the triangles y
are dilations of each other. This means that you can ‘ :

set your slope ratios for each triangle that you drew
equal to each other(#4).
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4. Write a proportional statement with your ratios. 2 = %

5. Solve the equation that you wrote above fory. y = gx

Notice that this equation is of the form y=mx where m is the slope of the line(#5).

Now look at the general case for the form y=mx.

6. Graph a line on the coordinate plane to the YA
right that goes through the origin and has a
slope of m; remember that slope is the same
as a unit rate which compares your y-value
to an x value of 1. Label the rise and run on
your graph with a right triangle. Redraw and
label this triangle in the space provided below
the graph. See graph.

7. Does this line describe a proportional <
relationship? Yes, it is a straight line going
through the origin.

A 4

8. Choose any point (x,y) on your graph and draw
a slope triangle the describes that rise and run.
Redraw and label this triangle in the space
provided below the graph. See graph.

Similarly you can set your slope ratios equal to each other(#9). v

9. Write a proportional statement with your

. m__y
ratios. T=73 m |7 y
10. Solve the equation that you wrote above fory.
y =mx

Notice that this is the equation y=mx that describes a proportional relationship.
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2.

11. Show that the equation for a line that goes through the origin and has a slope of S|

Sy = %x using
dilations and proportionality.

Y

(xy)

2 4

The rise for the right triangle formed from the point (5,2) and the origin is 2 and the run is 5. Choose any point
(x,y) on the line and form a right triangle where the rise is x and the run is y. Since the right triangles formed are

dilations of one another their corresponding parts are proportional, thusg = % Upon solving for y you get

y =X

8WBZ - 118 ©2014 University of Utah Middle School Math Project in partnership with the
Utah State Office of Education. Licensed under Creative Commons, cc-by.



2.3i Homework: Use Dilations and Proportionality to Derive the Equation y = mux.

1. Show that the equation for a line that goes through the origin and has a slope of § i

Sy = gx using
dilations and proportionality.

YA
X (XY)
Y
< - >
1 vy
3 x
v

The rise for the right triangle formed from the point (3,1) and the origin is 1 and the run is 3. Choose any point
(x,y) on the line and form a right triangle where the rise is x and the run is y. Since the right triangles formed are

dilations of one another their corresponding parts are proportional; thusé = % Upon solving for y you get
1
y = gx.
2. Show that the equation for a line that goes through the origin and has a slope of —g isy =— Sx using

dilations and proportionality.
YA

-3 X X (Xiy)
X

The rise for the right triangle formed from the point (5,-3) and the origin is -3 and the run is 5. Choose any point
(x,y) on the line and form a right triangle where the rise is x and the run is y. Since the right triangles formed are
dilations of one another their corresponding parts are proportional; thus _?3 = % Upon solving for y you get

y==x
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2.3] Class Activity: Use Dilations and Proportionality to Derive the Equation y = mx + b m

What about linear relationships that are not proportional? You are going to further investigate the general form
of a linear equation with a transformation. A geometric transformation can relate a linear proportional
relationship to a linear non-proportional relationship.

In previous sections we used the geometric transformation called a dilation. Another type of transformation is
called a translation. Shifting a line or moving all the points on the line the same distance and direction is a

transformation is a translation.| Remember if a straight line does not go through the origin it does not have a
proportional constant, however it does have constant rate of change and slope.

For example, if you transform the line y = % X upwards by 3 units, every ordered pair that lies on that line gets

moved up 3 units. Algebraically that means that you add 3 to every y value since this is a vertical shift.

(X,y) = (X, y+3)

To confirm this, investigate this transformation below.

Y
Consider the relation y :%x an
1. Make a table of values for X
this relation. y
-2 -1
0 0 5
> ; /
4 2
2. Graph the relation on the coordinate plane to { 3 e }
- D
X

See graph.

3. On the same coordinate plane translate every
point 3 units up and draw the new graph or the
image in a different color.

the right. V“S P

o

See graph
4. Using your table of values add 3 to every y 10
value. (X,y) = (X,y+3)
x_ |y | y+3 v
-2 -1 2 Some possible discussion questions might be:
0 0 3 e What do you know about slopes of the lines for the pre-
2 1 4 image and the image? The slope does not change; the slope
4 2 5 of the pre-image and the new image will be the same.
e Compare the initial values or y-intercepts for both of
5. Graph your new ordered pairs. these lines. Explain how they relate to each other. The
See graph. y-intercept as been moved up 3 units.

6. Write an equation for your image and compare it with your equation for the pre-image.

1
=—X+3
y 2
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In section 2.3h you investigated the general form for a linear equation given below.

The general form of a linear equation is y=mx+b where m is the slope or rate of change
and b is the initial value or y-intercept.

It is also seen in the example above. The equation y = %x + 3 represents the linear relationship where the slope

is % and 3 is the y-intercept or initial value.

Use the information on the previous page to compare and contrast the two relations using the Venn Diagram
below. Be sure to list similarities and differences about their graphs and equations.

_1 3 yzlx
y_§x+ 2

e Non-proportional
relationship

e Graph does not go throug

the origin.

Equation is in the form

y=mx +b

e Proportional Relationship
e Graph goes through the
origin.

Equation is in the form y=mx

e Linear Relationship.
1
e Has aslope of >

So how is this general form, y=mx+Db, for a linear equation derived? Start with an example.

17. Graph a line on the coordinate plane to the y?
right that goes through the point (0,4) and has a

*

y

slope of g Label the rise and run on your (x.y)
graph with a right triangle. Redraw and label
this triangle in the space provided below the

graph.

2

]
1

(0.4)

€ - - - -<---

2 4

18. Does this line describe a proportional <
relationship? Explain. This is not a /
proportional relationship because the line does
not go through the origin.

19. Choose any point (x,y) on your graph and draw [
a slope triangle the describes the rise and run. 2 7 y-4
Redraw and label this triangle in the space v

provided below the graph. See graph.
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) i i .2 y-4 Once again, recall that all right triangle
20. Write a proportional statement with your ratios. Pl formed from any two points on the line
are dilations of one another; so the
ratios of their side lengths are
21. Solve the equation that you wrote above fory. y = gx + 4 | proportional. This means that you can
set your slope ratios for each triangle
that you drew equal to each other(#20.)
Notice that this equation is of the form
y=mx+b where m is the slope of the

Now look at the general case for the form y=mx-+b. line and b is the y-intercept(#21).

22. Graph a line on the coordinate plane to the y?
right that goes through any point on the y-
axis(call the y-intercept b) and has a slope of
m. Label the rise and run on your graph with a
right triangle. Redraw and label this triangle in
the space provided below the graph.

(%)

€ - - - - <---

/ (0,b)
23. Does this line describe a proportional <

+
|
|
y
|

y

relationship? Explain. This is not a /
proportional relationship because the line does
not go through the origin.

2 4

24. Choose any point (x, y) on your graph and X
draw a slope triangle that describes the rise and
run. Redraw and label this triangle in the space m y—b

provided below the graph. See graph.

Once again, recall that all right triangle formed from any two points on the line are dilations of one
another; so the ratios of their side lengths are proportional (#25).

25. Write a proportional statement with your slope ratios. % =20

X

26. Solve the equation that you wrote above fory. y = mx + b

Notice that this is the general form of a linear equation. This form is called Slope-Intercept form.

Slope-Intercept form of a linear equation is
y=mx+b
where m represents the slope (rate of change)
and b represents the y-intercept (initial value or starting point)
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27. Show that the equation of a line that goes through the point (0,3) and has a slope of% ISy = %x + 3.

'

The rise for the right triangle formed from the point (0,3) with a slope of% is 1 and the run is 6. Choose any
point (x, y) on the line and form a right triangle where the rise is x and the run is y — 3. Since the right triangles
formed are dilations of one another their corresponding parts are proportional; thus% = y7_3 Upon solving for y

you get y =%x+3.

Interactive lesson similar to the ones in derivations in this activity can be found at:
http://learnzillion.com/lessons/1472-derive-ymx-using-similar-triangles
http://learnzillion.com/lessons/1473-derive-ymxb-using-similar-triangles
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2.3] Homework: Use Similar Triangles to Derive the Equation y = mx + b

1. Show that the equation of a line that goes through the point (0, —2) and has a slope of% isy = %x - 2.
YA

y+ 2

2 4

v
The rise for the right triangle formed from the point (0,-2) with a slope of% Is 3 and the run is 2. Choose any
point (x,y) on the line and form a right triangle where the rise is x and the run is y+2. Since the right triangles
formed are dilations of one another their corresponding parts are proportional, thus% = yxj Upon solving for y

you get y =§x—2.

2. Show that the equation of a line that goes through the point (0,4) and has a slope of =2 is y = —2x + 4.
YA

[N
I~
kg
<2
N’
R 4

v
The rise for the right triangle formed from the point (0,4) with a slope of —2 is —2 and the run is 1. Choose any
point (x, y) on the line and form a right triangle where the rise is x and the run is -y + 4. Since the right
triangles formed are dilations of one another their corresponding parts are proportional; thus _TZ = yxj. Upon

solving fory you get y = —2x + 4.
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2.3k Self-Assessment: Section 2.3

Consider the following skills/concepts. Rate your comfort level with each skill/concept by checking the box that
best describes your progress in mastering each skill/concept. Sample problems are provided on the next page

that match each skill/concept

line can be calculated as
rise/run. Also explain
why the slope is the same
between any two distinct
points on the line.

slope of the line
but do not know
how | did it.

slope of the line
by finding the rise
and run but do not
know how to
show how you
can find the slope
between any two

slope of the line
by finding the
rise and run. |
can explain how
to find the slope
using any two
points that lie on

Skill/Concept Minimal Partial Sufficient Substantial
Understanding Understanding | Understanding | Understanding
1 2 3 4
1. Show that the slope of a I can find the | can find the | can find the I can find the

slope of the line
by finding the

rise and run and

show or explain
why the slope
can be found
from any two

table, line, equation).

starting points. |

starting points but

point but [ don’t

points on the line. gridlines. points that fall

See sample problem #1 on the line.

2. Find the slope of a line I can find the slope | I can find slope of | can find the I can accurately
from a graph, set of of the line from one | the line from two of | slope of the line | find the slope of
points, and table. of the three the three from the graph, | the line from the
Recognize when there is | representations. representations. | nojints, and table |  graph, points,
a slope of zero or when but 1 did not and table. I can
the slope of the line is simplify all of | also express my
undefined. my answers. answers in

See sample problem #2 simplest form.

3. Given a context, find I can only find the | can find the | can find the I can find the
slope from various slope of the line slope of the line slope of a line slope of the
starting points (2 points, from one of the | from some of the | from any starting linear

relationship from

slope of a line.
Understand that b is
where the line crosses the
y-axis or is the y-
intercept.

See sample problem #4

the equation.

don’t know what I don’t know know what the any starting
the slope means what the slope slope means in point and
given then means given the the given interpret what it
context. context. context. means given the
See sample problem #3 context.
4. Recognize that m in I do not know I can identify the | I can identify the | I can identify the
y = mx and how to find the | y-intercept but not | slope but not the slope and y-
y = mx + b represents slope and y- the slope in this | y-intercept in the | intercept in the
the rate of change or intercept given in equation. equation. equation.
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Skill/Concept Minimal Partial Sufficient Substantial
Understanding Understanding | Understanding | Understanding
1 2 3 4
5. Derive the equation I can show the y- | | canderive only | I canaccurately | |can accurately
y=mxandy=mx+b intercept and one of the go through the go through the
using dilations and slope for both equations using | steps of deriving | steps of deriving
proportionality. equations but | similar triangles. both of the both of the
don’t know how equations of the | equations of the
they relate to line using similar line using
dilations of triangles and dilations of
triangles or proportionality. triangles and
proportions. proportionality.
| can explain the
reasoning at each
step in my own
See sample problem #5 words.

Sample Problem #1
Find the slope of the line given below by finding the rise and run. Also show or explain why the slope can be
found from any two points that fall on the line.

YA

0O
A%

o

NP
\

NS

0O
A~

v
The slope of the line is % The slope can be found from any two points that fall on the line because any of the

right triangles with horizontal and vertical legs that are formed from two points on the line are dilations of one
another. Since they are dilations of one another they are similar and their corresponding parts are proportional.
The side lengths of these triangles are the rise and run. Thus the rise/run ratio for any and all of these triangles
equal each other.
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Sample Problem #2
Find the slope of each line given in the graph, set of points and table below.

a. YA b. Find the slope of the line that goes through
0 the points (-2,2), (6,-10).
3
m=-—=
N 5 2
N
< — > i i
-10 51 N\ 5 o % c. Find the slope of the line that goes through
the points in the table given below.
\\
s\ A y
4 -8
\\
N 6 -8
10 8 8
v
S _f m=20
-5

This self-assessment is meant to be used as a formative assessment and is one way to assess how students are
doing toward mastery of the skills and concepts in a particular section. Teachers should guide students through
this self-assessment by asking probing questions of the students.

For example, to asses a student’s understanding of the 2nd skill, hand out white boards marked with a
coordinate plane or graph paper. Ask them to draw a line on the white board that contains at least two distinct
points, and then ask them to find the slope of the line and write it on the back of the board or paper. They can
then switch the board/paper with a classmate and have them find the slope. After which they can compare and
discuss their answers. You could also give the students an error analysis problem where you present them with
the work of two students calculating slope from two points. One of the students has done the calculation
correctly and the other one has not, they need to find who is correct and explain their reasoning.

Often students do not know the extent of their knowledge; to help them understanding where they are at, ask
them to work with a partner. For each skill or concept have them take turns re-teaching one another.
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Sample Problem #3
Find the slope of the line from each context given below.

a. The cost to fix a car at Bubba’s Body Shop is b. The graph given below describes the height over
shown in the table below. What is the slope of time of a Norfolk Pine that is planted in Rudy’s
this linear relationship, be sure to explain what is backyard. Find and describe the slope of this
means given the context. relationship as related to the context.

height (feet) o
Total Cost I
- - A 4
t (time in | C (costin 1 g
hours) dollars) 12 .
Vi
0 0 10
1 25 . y 4
2 50 6
5 4
3 75 4
The slope of this relationship is 25. This means A
that it costs $25 per hour to fix car at Bubba’s ! .
0o 1 2 3 4 5 6 7 8 9 10

Body Shop.

years

The slope is % This means that the tree grows 3
feet every 2 years or 1.5 feet per year.

c. The equation y=2x+10 describes the monthly d. The points (1, 16) (4, 15) describe the height of a

cost to rent a movie at the local video kiosk, lit candle that is burning at two different times of
where x represents the number of movies rented day. Here x represents the number of hours it has
and y represents the total cost. Find and describe been burning and y-represents the candle’s

the slope of this relationship. height in inches. Find the slope of this

The slope is 2. This means that it costs $2 for relationship and describe what it means given the
every movie you rent. context.

The slope is — % This means that the candle

burns one inch every three hours or one-third of
an inch per hour.

Sample Problem #4
For the equation given below identify and the rate of change or slope and the y-intercept.

1
=——X+5
Y 3

Slope(m): — % y-intercept(b): 5
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Sample Problem #5
Show that the equation for a line that goes through the origin and has a slope ofz isy = zx using dilations and

proportionality. (N
10 x (xy)

»

~
N

Vsd /

R

10
\>4

v

The rise for the right triangle formed from the point (4,5) and the origin is 5 and the run is 4. Choose any point
(x,y) on the line and form a right triangle where the rise is x and the run is y. Since the right triangles formed

are dilations of one another their corresponding parts are proportional; thus % = % Upon solving for y you get
5

y = ZX

Show that the equation for a line that goes through (0,3) and has aslope of 2isy = 2x + 3.

Y&

10
A4

Il

[9)]
|

10
\>4

v

The rise for the right triangle formed from the point (0,3)and (1,5) is 2 and the run is 1. Choose any point (x, y)
on the line and form a right triangle where the rise is y — 3 and the run is x. Since the right triangles formed are

dilations of one another their corresponding parts are proportional; thus % = yT_g

Upon solving for y you get y = 2x + 3.
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